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Abstract 

Harmonic analysis is developed on objects of some category C2 of infinite- 
dimensional filtered vector spaces over a finite field. This category includes two- 
dimensional local fields and adelic spaces of algebraic surfaces defined over a finite 
field. The main result is the theory of the Fourier transform on these objects and 
obtaining of two-dimensional Poisson formulas. 



1 Introduction 

Local fields and adelic groups composed from them are well known tools of arith- 
metic. They were introduced by C. Chevalley in the 1930s and were used to formu- 
late and solve many different problems in number theory and algebraic geometry 
(see, for example, [H [20]). These constructions are associated with fields of alge- 
braic numbers and fields of algebraic functions of one variable, i.e. with schemes of 
dimension 1 . A need for such constructions in higher dimensions was realized by 
A. N. Parshin in the 1970s. He managed to develop these constructions in the local 
case for any dimension and in the global case for dimension 2 , . For the schemes 
of an arbitrary dimension this approach was developed by A. A. Beilinson, p]. 

If A is a scheme of dimension n and of finite type over Z , and A„ C A„_i C 
. . . C Xi C Xq C a is a flag of irreducible subschemes ( codim(Aj) = i)-, then one 
can define a ring Kxi),...,x„-i associated to the flag. In case when all the subschemes 
are regularly embedded, the ring is an n -dimensional local field. Then one can form 
an adelic object 

Ax = n Kxo,...,x„.i 

where the product is taken over all the flags, but with certain restrictions on the 
components of adeles (see [2[ l6| [T4t |4[ I12j). For a scheme over a finite field this 
definition is the ultimate definition of the adelic space attached to A . In general, 
one has to extend it to Ax © Ax^m by adding archimedian components. 

In dimension 1 , the adelic groups Ax and A^ are locally compact groups and 
thus we can develope the classical harmonic analysis on these groups. The starting 
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point for that is the measure theory on locally compact local fields attached to 
points on schemes X of dimension 1 . 

This harmonic analysis can be applied to a study of zeta- and L -functions of 
one-dimensional schemes X . J. Tate and independently K. Iwasawa have introduced 
an analytically defined L -function 

Lis,x,f)= [ x{a)\a\'f{a)d*f,, 

where d*// is a Haar measure on A^^^ , the function / belongs to the Bruhat- 
Schwartz space of functions on and x is an abelian character, coming from the 
Galois group Gal(i^^^/i^) by the reciprocity map 

A^ ^ Gal{K''^/K). 

For L{s,x,f) 1 they have proved an analytical continuation to the whole s -plane 
and the functional equation 

L{s,x,f) = L{l-s,x~\f), 

using Fourier transform / ^ / and Poisson formula for functions / on the space 
[Ulin]- If Lx{s,x) is the arithmetically defined L -function of the scheme X , 
then Lx{s,x) = L{s,x, f) for an appropriate function /. 

For a long time, the second author had been pointing to an essential gap in 
arithmetics related with absence of such approach for schemes of dimension > 1 
and suggesting that the gap should be filled. We note that there is a cohomological 
formalism defined for schemes over Wg and working equally well in all dimensions. 

Problem 1. Extend Tate-Iwasawa's analytic method to higher dimensions (see, 
in particular, pTl [T8] ). 

The higher adeles have been introduced exactly for this purpose. So we have the 
following underlying 

Problem 2. Develop a measure theory and harmonic analysis on n -dimensional 
local fields. 

Note that the n -dimensional local fields are not locally compact topological 
spaces for n > 1 and by Weil's theorem the existence of the Haar measure (in the 
usual sense) on a topological group implies its locally compactness. 

In the paper, we show how to construct a harmonic analysis and a measure 
theory in the first non-trivial case of algebraic surface X over a finite field k (or 
two-dimensional schemes over Z ). In this situation, the corresponding adelic objects 
will look as follows. Let P be a closed point X , C C X be an irreducible curve 
such that P eC . 

If X and C are smooth at P then let t € Ox,p be a local equation of C at P 
and u £ Ox,p be such that u\c € Cc.P is a local parameter at P . Denote by p 
the ideal defining the curve C near P . Now we can introduce the two-dimensional 
local field attached to the pair P, C by the procedure including completions and lo- 
calizations: Kp^c = Frac((C)x,p)p) = Frac(Oa;^c') = f^{P){{u)){{t)) ■ This definition 
can be easily extended to the case of a singular point P on the curve C . Then one 
can take the adelic product of the local fields over all the pairs P, C . We get the 
adelic space Ax on the surface X . 
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If C is a curve then the space Ac contains important subspaces Aq = K = k{C) 
of principal adeles and Ai = of integral adeles, from which one constructs 

the adelic complex: Aq © Ai — > Ac . In dimension 2 , there is a much more com- 
plicated structure of subspaces in Ax • Among the others, it includes subspaces 
Ai2 = nLeC^a^.c ^iid, more generally, Ai2(-D) , where the divisor D indicates on 
some regularity condition around the D (see [3] and a brief exposition in [15^ [T8] ) . 

In dimension 1 , the group Ac is a locally compact group and the spaces Aq 
and Ai are, correspondingly, discrete and compact. The construction of analysis 
starts with a definition of functional spaces. Let y be a finite dimensional vector 
space either over an adelic ring Ac , or over an one-dimensional local field K with 
finite residue field Fg , or a subspace of type Aq or Ai . We put 

Viy) = {locally constant functions with compact support} 

£(y) = {uniformly locally constant functions} 

£{V) = {all locally constant functions} 

D'iy) = {dual to V, i.e. all distributions} 

£'{V) = { "continuously" dual to £} 

£'(y) = {"continuosulsy" dual to £, i.e. distributions with compact support}. 

These are the classical spaces introduced by F. Bruhat The harmonic analysis 
includes definitions of direct and inverse images in some category Ci of the spaces 
like V , a definition of the Fourier transform F as a map from V'(y) (8) fJ-iV)* 
to V'CV) as well for the other types of spaces. Here fJ,{V) is a space of the Haar 
measures on V and is a dual object (continuous linear functionals from the full 
dual space). The main result is the following Poisson formula 

for any closed subgroup i : W ^ V . Here G /^(VF) , /x € ^J'{V) , (5vk,^o — ^*(a*o) 
(we use that, by definition of measures, ij-{W) C P'(VF) , and the direct image i^: 
maps T>'{W) to V'iV) ), and nV is the annihilator W in V . 

All these constructions are carefully done in section |4] (in section [3l we collected 
the corresponding facts for the case of dimension , section [2] contains the basic 
notations used throughout the paper). The main issues here are the theory of Cq 
and Ci spaces (section 14. ip , definition of the spaces of functions and distributions 
V , V , £ , £' , £ , £' (section 14. 2p , invariant Haar measures (section 14. 3p , Fourier 
transform (section 14. 4p . Poisson formula (section 14. 5p . Fubini formula and table 
of all possible direct and inverse images for the morphisms in the category Ci 
(section 14. 6p , and the base change rules (section 14. 7p . The latter one is very useful 
when we extend the theory to the higher dimensions. The exposition is completely 
independent of the standard ones. 

This general formalism can be applied to the adelic space on a curve C and 
we immediately get the following facts of analysis on the self-dual group Ac : 
F((5aj(£))) = vo1(Ai(Z)))(5a^((^)_£)), and 'P{6k) = vo\{K/ K)~^6k for the standard 
subgroups in Ac (attached to a divisor D and to the principal adeles, respective- 
ly). This easily implies Riemann-Roch and Serre duality for divisors on the curve 
C (see[18]). 
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For dimension 2 , the space Ax has a filtration by the subspaces Ai2{D) where 
D runs through the Cartier divisors on X . The quotients Ai2{D) / Ai2{D') will be 
spaces of the type considered above in the one-dimensional situation. This allows 
us to introduce the following spaces of functions (distributions): 
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where P D Q D R are some elements of the filtration in Ax (more generally, in a 
reasonable filtered space V with locally compact quotients), Pq is a fixed subspace 
from the filtration and j : Q/R — > P/R , i : P/R — > P/Q are the canonical maps. 
Note that both spaces 'Dpq{V) , V'p^iV) are £"(!/) -modules. In contrast to the 
one-dimensional case, there are no simple inclusions between these spaces. 

Just as in the case of dimension 1 , one can introduce some category C2 (|13j) 
of filtered spaces like V that includes all components of the adelic complex such as 
Ai2(-D) and the space Ax itself. 

We develop the theory of C2 spaces in section 15.11 In this category, it is pos- 
sible to define (section [5.2p the spaces of virtual measures fi{F{i)\F{j)) which are 
crucial for the definition of the spaces of functions and distributions (section 15. 3p . 
In section 15.41 we introduce the Fourier transform F , which preserves the spaces V 
and V , but interchanges the spaces £ and £' . Next section 15.51 contains a study 
of a central extension of automorphism group of an object V in the category C2 
and its action on the functional spaces such as Dp^iy) and D'p^lV) . The defini- 
tion of central extension goes up to the paper of V. G. Kac and D. H. Peterson, 
[7], but the definition of an action of group was introduced by M. M. Kapranov for 
the case of local fields [9] . We then study direct and inverse images (section 15. 6p , 
base change rules (section l5.7p . the Fourier transform F (section l5.8p . which inter- 
changes direct and inverse images, and, at last, we can prove a generalization of the 
Poisson formula (section 15. 9p . It is important that we have two basically different 
types of this formula (theorems [2] and [3]) . The formulation includes characteristic 
functions 6w of subspaces W C V and resembles the formula for dimension 1 . It 
is important that for a class of spaces V (but not for Ax itself) there exists an 
invariant measure ( 1^ or 1 ), defined up to a constant, as an element of ^'{V) or 
'D{V) , an analogue of the classical Haar measure (see section [5l9]) . 
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There is also an analytical expression for the intersection number of two divisors 
based on an adelic approach to the intersection theory, [151, . As a corollary, we 
get an analytical proof of the (easy part of) Riemann-Roch theorem for divisors on 
X . This will be exposed in a separate paper. 

The main principles of the construction of harmonic analysis were outlined by the 
second author (see, in particular [18 ^ 117 ^ 119]). The key point here is an observation 
concerning structure of the classical Bruhat functional spaces on local fields or adelic 
spaces. Namely, they can be presented as double (projective and/or inductive) limit 
of functional spaces on finite groups (in particular, on finite-dimensional vector 
spaces over a finite field). Thus, the construction of harmonic analysis must start 
with the case of dimension (finite-dimensional vector spaces over a finite field 
representing a scheme of dimension or finite abelian groups) and then be developed 
by induction to the higher dimensions. This plan is completely fulfilled in this paper 
in the cases of dimensions 1 and 2. 

An important contribution belongs to M. M. Kapranov 9j who suggested to use 
a trick from a construction of the Sato Grassmanian in the theory of integrable 
systems. The trick is to use in the above definition of the spaces T>p^^(y) and 
V p^iy) the spaces ^{Pq/Q) of measures instead of fi{P/Q) . Without this trick 
with the space of measures we cannot define the functional spaces for all vector 
spaces from the category C2 and, in particular, for the whole adelic space Ax • 

The second author has tried to construct the harmonic analysis in several ways. 
The most transparent and the easiest one to use is to attach several types of func- 
tional spaces to the objects of a category of vector spaces arising from some subspaces 
of the whole adelic space. He worked with a concrete category arising from the sub- 
factors of the adelic space. The key point here is a thorough study of the conditions 
on homomorphisms of vector spaces that guarantee the existence of direct or inverse 
images. 

Approximately at the same time, the first author independently introduced a 
notion of Cn structure in the category of vector spaces [13]. With this notion at 
hand, we can develop the analysis in a very general setting, for any objects of the 
category C2 and hopefully for C„ . The crucial point is that the Cn structure 
exists for the adelic spaces of any n -dimensional Noetherian scheme [131 Theorem 
2.1]. The principal advantage of this approach is that one can make all the construc- 
tions simultaneously for local and global cases. The category Ci contains as a full 
subcategory the category of linearly locally compact vector spaces (introduced and 
extensively used by S. Lefshetz [TO]) and one can use the classical harmonic analysis 
under these circumstances. 

Note here that the previous publications [18 1117^ 119] contained a stupid mistake. 
Two different types of locally constant functions, £{V) and £{V) has not been 
distinguished (the same was true for distributions). 

The present work can certainly be extended, first to the case of spaces arising 
from arithmetic surfaces. The corresponding category C2 must include more general 
abelian groups that appear from local fields of unequal characteristics and the fields 
of archimedean type. In the last case these are the vector spaces over M or C . 
There are no principal obstacles to do that and we hope to consider this issue in 
another paper. It seems more difficult but still possible to extend the theory to the 
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case of higher dimensions, so the category C„ 0. 

In the present work, we develop the harmonic analysis on vector spaces defined 
either over a local field K or over an adelic ring A . In classical case of dimen- 
sion 1, the analysis can be developed on arbitrary varieties (defined either over K , 
or over A ) . This was already done by Bruhat in local case [3] . For arbitrary va- 
rieties defined over a two-dimensional local field K , the analysis was constructed 
by D. Gaitsgory and D. A. Kazhdan in ^ for the purposes of representation theo- 
ry of reductive groups over the field K (see also |arXiv:math/0302174 [math.RT], 



|arXiv:ma th/0406282 [math.RT], ar Xiv:math/ 0409543 [math.RT]). It had been pre- 
ceded by [8] , where harmonic analysis was developed on homogenous spaces such as 
G{K) / G{0'j^) (introduced in [16j). Note that the construction of harmonic analysis 
(over A ) is a non-trivial problem even for the case X = Gm ■ This is the subject 
for further discussion in a separate paper. 

Different aspects of the harmonic analysis and its possible applications were 
exposed by the second author in several talks and lecture series: Miinster Univer- 
sitat 1999, 2002, Universite Paris VI 2002, 2005, Moscow (Steklov institute) 2002, 
2006, Saint-Petersburg (LOMI and Euler Institute) 2003, 2005, Salamanca Univer- 
sity 2004, Berlin (Humboldt Universitat) 2005, Oberwolfach 2005. 

2 Notations 

For any vector space V over a field k we will denote by V* its dual space, i.e., 

V* = Homfc(y,A;). 

For a vector /c-subspace H C V we denote by H-^ the following fc-subspace 
in the space V* : 

l2f {ueV* : u{H) = 0}. 

By J-'{V) we denote the space of all functions on V with values in the field C . 
For any a G F , for any / G J^{V) by Ta{f) we denote the following function 
from J-iV) : 

UDiv)"^' f{v + a), vGV. 
For any / G J'iV) by / we denote the following function from J^{V) : 

/»1^'/(-t;), veV. 

For a finite set A we denote by fjyl the number of elements in the set A . By 
supp(/) we denote the support of a function / . 

We fix a finite field F„ and a nontrivial character ip ^ C* . 



^In the beginning of July 2007, our paper was put on the net arXiv:0707.1766 [math. AG]. Then, 
there appeared a paper by A. Deitniar arX iv:0708.0322 [math. NT], where he claimed that he constructed 
harmonic analysis for all dimensions n . Unfortunately, the first versions of his work contained serious 
mistakes that were pointed out to the author in our letters. The latest version of his work contains only 
a construction of the spaces like £ , which is in fact a rather trivial generalization of our work. 
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3 Zero-dimensional case 



Let F be a finite-dimensional vector space over the field Fg . 

Then any element / G J-'{V) has the following unique presentation: 

f =^ay ■ 6y, 

where G C , and the functions 5^ G ^(Y) ai'e defined by the following rule 

y [), it w V. 

On the space J^iV) we have the following pairing < , >y: J^{y) x J^iV) — > C : 

< f.9>v=^f{v)-g{v). 
vev 

We have the following obvious proposition. 

Proposition 1 The pairing < , >v is a nondegenerate symmetric pairing on the 
finite- dimensional C -vector space J^{V) , and therefore this pairing determines a 
canonical isomorphism between the vector space J^iy) and the dual vector space 
J^{V)* . 

Let TT : V ^ W be a linear map between finite-dimensional vector spaces over 
the field . We define the direct image tt* : J^{V) —>■ J^{W) as the following map: 



71"* (/)H 



, if u; ^ Tr{V) 

E f{v) ,if weiriV), 

vev 

it{v)=w 



where / G ^(F) , w eW . 

We define the inverse image tt* : !F{W) — > J^{V) as the following map: 

Tr*{g){v) = f{TT{v)) , where geJ^{W), veV. 

There is the following proposition, which follows easily from the definitions. 

Proposition 2 The maps vr* and tt* are conjugate maps with respect to the pair- 
ings <, >v and <, >w on the spaces J^{V) and J^{W) , i.e., 

< '^*{9),f >v=< g,T^*{f) >w 

for any f G J'iV) , g G T{W) . 

There is also the following proposition, which also easily follows from the defi- 
nitions. 

Proposition 3 The following statements are satisfied. 



7 



1. Let VTi : Vi — V2 and : V2 — > V3 are linear maps between the vector spaces 
over the field Fg , then 

(7r2)*(7ri)*(/) = (7r27ri)*(/) for any f G T(Vi), 

and 7ri7r2(5') = (7r27ri)*(5f) for any g T{V^). 

2. Let V , W , S are finite- dimensional vector spaces over the field Fg . Let 

: V ^ S , a : W ^ S are linear maps between these spaces. We consider 
the following cartesian diagram of vector spaces: 



V xW '^^ 



s 



^ W 



av 



V 



s 



Then we have the following base change rule 

7r*Q;*(/i) = (ay)*vr^(/i) for any h G ^{W). 

For a finite-dimensional vector space V over the field F^ we define the Fourier 
transform F : J-'iV) — J-'{V*) by the following rule: 



F{f){u) = ^f{v)-i;{u{v)), 
v&V 

where u G 1^* , / G ^iV) ■ We consider the following example. 

Example 1 Let H CV be a vector subspace. We consider the following function 

6h = J2 from J^{V) . Then it is easy to see by direct calculation that 

veH 

Remark 1 Example [T] is the Poisson formula for -dimensional case. 

We have the following proposition, which collects the properties of the Fourier 
transform F . 

Proposition 4 The following statements are satisfied. 

1. F is an isomorphism of C -vector spaces. 

2. F o F(/) = %V-f for any f G TiV) . 

3. < F{f),g >y.=< f,F{g) >y for any f G T{V) , g G T{V*) . 



8 



4- Let TT : V ^ W be a linear map between the finite- dimensional vector spaces 
over the field ¥q . Let vr' : W* — > V* be the dual map. Then the following 
diagrams are commutative: 



HV) 



F 



F 



(1) 



T{V*) 



-4 T{W*) 



T{W) 





(2) 



> T{V*) 



Proof . Statements El E] and diagram ([T]) follow by direct calculations on functions 
5v ■ Now statement [U follows from statement [2j Diagram ([2]) follows from diagram ([T]) 
and statement [2j 



4 One-dimensional case 
4.1 Co and Ci -spaces. 

Here we recall the definitions from [13] about Co and Ci -spaces. 

By definition, the category Cq is the category of finite-dimensional vector spaces 
over a field k with morphisms coming from A; -linear maps between vector spaces. 

By definition, an admissible triple of finite-dimensional vector spaces is an exact 
triple of this vector spaces. 

We say that (I, F, V) is a filtered k -vector space, if 

(i) y is a vector space over the field k , 

(ii) / is a partially ordered set, such that for any i,j € / there are k,l £ L with 
k < i < I and k < j < I , 

(iii) F is a function from I to the set of /c -vector subspaces of V such that if 
i < j are any from / , then F(i) C F(j) , 



We say that a filtered vector space (Ii ,Fi,V) dominates another filtered vector 
space {I2, F2, V) when there is an order-preserving function (j) : I2 ^ Ii such that 

(i) for any i € I2 we have = F2{i) , 

(ii) for any j G Ii there are ii,i2 G h such that (/>(«i) < j < 0(^2) • 



(iv) n = and U ^(^) = ^ • 
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By definition, objects of the category Ci , i.e. Ob(Ci) , are filtered A; -vector 
spaces {I,F,V) such that for any i < j & I the A; -vector space F{j)/F{i) is 
finite-dimensional over the field k . 

Let El = {Ii,Fi,Vi) and E2 = (12,^^2,^2) be from Ob(Ci) . Then, by def- 
inition, a set MoTc^iEi, E2) consists of elements A G Homfc(Vi,V2) under the 
following condition: for any j € I2 there is an i G Ii such that A{Fi{i)) C i*2(j) • 

Let El = {Ii,Fi,Vi) , E2 = {I2,F2,V2) and S3 = (13,^3,1^3) be from Ob(C7i) . 
Then we say that 

^ El ^ E2 Es ^ (3) 
is an admissible triple from Ci when the following conditions are satisfied: 

^ Fi A ^2 A 1/3 ^ 

is an exact triple of A -vector spaces, 

(ii) the filtration {Ii,Fi,Vi) dominates the filtration (/2, -^1', ^1) , where F[{i) = 
F2{i) n Vi for any i e h ■, 

(iii) the filtration {I^^F^,V^) dominates the filtration (/2, -F3, V3) , where F^{i) = 
F2{i)/F2{i) n Vi for any i € h , 

(iv) for any i < j I2 

Fiui £2(j) nui n 

^ Fiii) F2« ^ F^{i) 

is an exact triple of finite-dimensional A; -vector spaces. 

We say that a from an admissible triple ^ is an admissible monomorphism, 
and l3 from an admissible triple ([3]) is an admissible epimorphism. 

Remark 2 Let E2 = {I2, F2,V2) be a Ci -space over the field k . Let 

^ 14 A 1/2 ^ 14; ^ (4) 

be an exact triple of A; -vector spaces. We define on the spaces Vi and V3 the 
structures of filtered spaces [Ii, Fi,Vi) , i = 1, 3 , where Ii = = I2 , and Fi{i) =^ 

F2{i) n Vi , Fsii) = f3{F2{i)) for i ^ h . 

Then the filtered space Ei = {Ii,Fi, Vi) will be always a Ci -space. But filtered 
space E3 = (73,^3,1/3) will be a Ci -space, if and only if the following condition 
holds: 

(*) for any x G V2 \ ^1 there exists i G I2 such that (x -|- F2{i)) Pi Vi = 0. 

Moreover, under condition (*) , exact triple ([4]) gives the admissible triple 

^ Si A ^2 ^ ^3 ^ 0, 

i.e. a will be an admissible monomorphism, /? will be an admissible epimorphism. 

For example, we consider k{{t)) as a Ci -space with filtration, given by all 
powers of maximal ideal of the ring k[[t]] . Then A-subspace k[t] with induced 
filtration will be a Ci -space, but the embedding k[t] C A((t)) will not be an 
admissible monomorphism. And embedding A[t~^] C A((i)) will be an admissible 
monomorphism (with the induced filtration). 
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Let E = {I,F,V) be a Ci -space. Wc define a Ci -space E = {I^,F'^,V) by 
the following way. The space V C V* is defined as 



iei 



(5) 



The set 7° is a partially ordered set, which has the same set as I , but with the 
inverse order then / . For j G 7° the subspace F'^{j) =^ E{j)'^ C V . 
We note also that 

F{j)^ = {V/F{j)r = lun{F{{)/F{j)y. 

i>j 



If Ei,E2 G Ob(Ci) and 9 G Morci £'2) • Then there is canonically 9 G 
Morci(^2,-Bi)- If 





— ^ El — ¥ E2 — ^ E^ 



is an admissible triple of Ci -spaces, where Ei = (li, Fi, Vi) , 1 < i < 3 . Then there 
is canonically the following admissible triple of Ci -spaces: 

$ ' a ~ 

— ^ -E3 — — ^ E2 — ^ El — ^ 0. 



Lemma 1 Let 



a P 

— ¥ El — ^ E2 -E3 — ^ 



&e an admissible triple of Ci -spaces. 

1. Let D G Ob(Ci) , and 7 G Morci(-D, £"3) . Then there is the following admis- 
sible triple of Ci -spaces 



0—^Ei^E2xD^D—^0 



(6) 



and G Morci(-£2 x D,E2) such that the following diagram is commutative: 



E3 



El E2XD ^ 







(7) 







a P 

El ^ E2 ^ E^ 



-> 



2. Let A G Ob(Ci) , and 9 G Motci{Ei,A) . Then there is the following admis- 
sible triple of Ci -spaces 



^ A ^ AUE2 E3 ^ 

El 



(8) 
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and ag G Mor^j (E2,A U E2) such that the following diagram is commutative: 

El 



A 



E2 



ag 



^ AUE2 

El 



E^ 



-> E^ 







(9) 



Proof . We prove the first statement of the lemma. Let Ei = (li, Fi,Vi) , 1 < i < 3 , 
and D = {K, H, T) . 

We construct E2 x D = (J, G, W) G Ob(Ci) in the fohowing way. We define a 

E3 

A; -vector space 

W = V2xT=^ {(e, d) eV2xT such that /3{e) = -/{d)}. 
V3 

We define a partially ordered set 

J = {(i, j) £I2XK such that 7(^(j)) C /3(F2«)}, 

where (ii, ji) < {i2-,32) iff ii < ^2 and ji < j2 . We define a function G from J 
to the set of k -vector subspaces of W as 

G{{i,j)) = {F2{i)xH{j))nW, 

where the intersection is inside V2 x T . Then E2 x D is well defined as a Ci -space, 

and the maps and 7/3 are projections. 

Let ji), («2i j2) G 5 and (ii,ii) < (i2;j2)- Then we have the following 
commutative diagram of finite-dimensional /c -vector spaces: 



^2(^2) n Vi 

F2{ii)r\Vi 



F2{i2)r\Vi 
F2{ii)r\Vi 



G{{i2,j2)) 

G((ii,Ji)) 



F2(i2) 



F2(ii] 



F2{i2)/{F2{i2)r\Vl] 

F2{ii)/{F2{ii)nVi] 











where 

g(fe,j2)) ^ i"2fe) ^ g(i2) 

-F2(ii) F2fe)/(J'2('2)nv-i) i^(ii)' 
f2(n)/(f2(n)nvi) 

From this commutative diagram we obtain that triple ^ is an admissible triple 
of Ci -spaces, and diagram d?]) is a commutative diagram. The first statement of 
the lemma is proved. 

We prove the second statement of the lemma, which is the dual statement to 
the first statement of the lemma. Let A = (K', H' , T') . 
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We construct AH E2 = {J', G', W) S Ob(Ci) in the fohowing way. We remark 

El 

that T' U V2 = T' X V2 • We define a k -vector space 

W' = T'U V2 =^ (T' X V2)/E , where E = {0 x a)Vi. 

Vi 

We define a partially ordered set 

J' = GK'xh : e{F2{j) n Vi) C H'{i^}, 

where < (12, j2) iff h < ^2 and ji < j2 . We define a function G' from J' 

to the set of k -vector subspaces of W as 

G'i{i,j)) = {(H'ii) X F2U)) + E/E) c W. 

Then AH E2 is well defined as a Ci -space. 

El 

Let (ii, j'l), (i2) J2) £ ) and (ii,ji) < {^2^2) ■ Then we have the following 
commutative diagram of finite-dimensional k-vector spaces: 







where 



F2{i2)r\Vl F2{j2) F2ij2)/{F2ij2)nVi) 

F2{h)r\Vi ' FsO'i) ' F2{h)/{F2{h)nVi) 

i i II 

H'{i2) G'{{i2,j2)) F2{j2)/{F2{j2)r\Vl) 

H'ih) ' ^ F2{h)/{F2{h)nVi) 



G'{{i2,j2)) H'{i2) ^ F2{j2) 







G'{{iuh)) H'(u) F,u,)nv, FodiY 
f'2(Ji)ri^'i 

From this commutative diagram we obtain that triple dSD is an admissible triple 
of Ci -spaces, and diagram ([9]) is a commutative diagram. The second statement of 
the lemma is proved. 



Definition 1 Let {I,F,V),{J,G,V) € Ob(Ci) . We say that there is an equiv- 
alence {I,F,V) ~ {J,G,V) iff there is a collection of Ci -spaces {Ii,Fi,V), 
1 < I < n such that 

(l) h=I, Fi=F, In = J, Fn=G, 

(ii) for any 1 < I < n — 1 either {Ii,Fi,V) dominates (I^+i, F) , or 
, Fi+i , V) dominates {k ,Fi,V) . 

Let 6 : E — > D be an admissible epimorphism of Ci -spaces. Let (3 : B — > D 
be an admissible monomorphism of Ci -spaces. Then from construction (see the 
proof of lemma [1]) we have that /3g : E x B — > B is an admissible epimorphism of 

D 

Ci -spaces, and Or : E x B — > E is an admissible monomorphism. 

D 

Moreover, Let N = E x B . From construction we have that D ^ BUE .We 

D ^ N 

have the admissible epimorphism Op : E — N , and the admissible monomorphism 

(3$ : B — > N . From construction (see the proof of lemma [T]) we have that D ~ 

ExB. 
N 
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Definition 2 We say that a Ci -space Vi) is a compact Ci -space iff there 

is an i ^ Ii such that Fi{i) = Vi . We say that a Ci -space (/2, -^2, V2) is a discrete 
Ci -space iff there is an j € I2 such that F2{j) = {0} . 

It follows from definition that if Ei is a compact Ci -space, then Ei is a discrete 
Ci -space. If E2 is a discrete Ci -space, then E2 is a compact Ci -space. 

Definition 3 We say that a Ci -space {I, F, V) is a complete Ci -space iff 

V = limlim F{i)/F{j). 

iai j<i 

It follows from definitions that E is a complete Ci -space iff E = E . 

4.2 Spaces of functions and distributions. 

We recall the basic definitions from [18j and |19j . 

Let E = {I,F,V) be a Ci -space over the field Fg . For any i,j,k € / such 
that i < j < k we have the embedding map 

aijk ■■ F{j)/F{i) ^ F{k)/F{i) 

and the surjection map 

TTijk : F{k)/F{i) F{k)/F{j) 

of finite-dimensional vector spaces over the field Fg . 
Then according to section [3] we have 4 maps: 

a*,., : nF{k)/F{i)) HF{j) / F{i)), 

{a,,k)* : ^(F(i)/F(z)) r{F{k) / F{i)), 
Tr*,.^ : T{F{k)/F{j))^T{F{k)/F{i)), 

(n^.k)* : Hm/m)^Hm/Fij)). 

According to the maps described, we consider now all possible combinations of 
projective and inductive limits of spaces J-{F{j) / F{i)) with respect to the indices 
i,j £ I , i < j ■ We define 

V{E) =^ limlim T{F{j)/F{i)) = limlim J^{F{j)/ F{i)) (10) 

j i i j 

with respect to the maps vr*^;, and (oijk)* ; 

V'{E) =^ limlim T{F{j)/F{i)) = limlim T {F (j) / F{i)) (11) 

j i i j 

with respect to the maps (iTijk)* and a*^-^ ; 

£{E)= limlim T{F{j)/F{i)) (12) 

j i 
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with respect to the maps a*^-^ and vr^ji, ; 



£{E)=limlimT{F{j)/F{i)) (13) 



with respect to the maps vr*^-^ and a*^.^ ; 



£'{E) = limlim T{F{j)/F{i)) (14) 



with respect to the maps {aijk)* and (iTijk)* ; 

£'{E)'^= limhmT{F{j)/F{i)) (15) 

with respect to the maps (iTijk)* and (aijfc)* • 

Due to proposition[3]we have that C -vector spaces ^{E) , T>'{E) , £{E) , f (i?) , 
^■'(E^), £'{E) are weh-defined. 

Since a*jj^ o (aijk)* is the identity map for any i < j < k ^ I , we have the 
following canonical embeddings 

V{E) ^ £{E) (16) 

£'{E) ^ P'(^). (17) 
We have also the following canonical embeddings 

£{E) ^ £{E) (18) 

£'{E) ^ £'{E). (19) 

Now we clarify the functional sense of spaces T>[E) , T)'{E) , £{E) , £{E) , 
£'{E) . 

Proposition 5 The following statements are satisfied. 

1. The space V{E) C T{V) such that: 

f € T)[E) iff there are i < j € I such that 

f{v) = for any v ^ F{j) and T^if) = f for any w S F{i), 

i.e., the space T>{E) consists of all locally constant functions with compact 
support on the space V . 

2. We suppose that E = {I, F, V) is a complete Ci -space. Then the space 
£{E) C T{V) such that: 

f S £{E) iff for any v there is i (z I (wich depends on v ) 

such that f{v + w) = f{v) for any w € F{i), 
i.e., the space £{E) consists of all locally constant functions on the space V . 
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3. The space £{E) C ^iV) such that: 

f € S{E) iff there is i & I such that T^if) = f for any w G F{i). 

4. The space T>'{E) = V^E)* , i.e., the space T>'{E) consists of distributions on 
the space V . 

Proof . The first, the second, and the third statement of this proposition are just 
reformulation of formulas (jlOh . (112^ . (jlSh . In the second statement we demand that 
y is a complete Ci -space, because then for any locally constant function / G J^iV) 
for any j £ I there is an i £ I such that f(v + w) = f{v) for any v G F{j) , 
w G F{i) . 

To prove the fourth statement we remark that 

V{Ey = limlim T{F{j)/F{i))*, 

j i 

because the dual space to the space given by inductive limits of vector spaces is 
given by projective limits of dual vector spaces. Now we apply propositions [Hand [2] 
to obtain that I)'{E) =I){E)* . 

We can not speak about the value of distribution G G T>'{E) in the point v (zV . 
But we can say, whether G is equal to zero or not in the point v £ V . We have 
the following definition. 

Definition 4 Let G e V'{E) . 

1. For V (z V we say G{v) = iff there is i £ I such that G{f) = for any 
f G V{V) with supp/ (Z{v + F{i)] . 

2. 

SMVvG = {v G V : G{v) / 0}. 

Due to definition m we have the following proposition. 

Proposition 6 Let E = {I,F,V) be a complete Ci -space. For G G V'{E) we 
have that 

G G £'{E) iff there is j £ I such that suppG C F{j), 

i.e., the space £'{E) consists of all distributions with compact support on the space 
V . 

Proof follows from the forth statement of proposition [5] and formula (jl4p . 



Remark 3 Using formulas (jlOp - (jlSp we obtain that 

£{E) = £{E) = V{E) and £'{E) = £'{E) = V\E) 

for any compact Ci -space E = (I, F, V) . 
Using formulas (fTOl) - (fTSj) we obtain that 

£\E) = £'{E) = V{E) and £{E) = £{E) = V'{E) 

for any discrete Ci -space E = (/, F, V) . 
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Remark 4 Let {B^} be a projective system of vector spaces with surjective tran- 
sition maps. Then we have a canonical nondegenerate pairing between vector spaces 

hm and Mm . 

k k 

Using it and formulas (I12p , (I14|) , ()15|) , (I13p we have canonical nondegenerate pairings 

: £{E)x£'{E)^C, 

<,>e^E) : £'{E)x£{E)^C. 

These pairings, being restricted to T>(E) x £'{E) and to £'{E) x T>{E) correspond- 
ingly, coniside with the pairings restricted from the pairing between T){E) and 
T>'{E) (see statement H] of proposition [5]). 

4.3 Invariant measures and integral 

Let E = (/, F, y) be a Ci -space over the field Fg . For any G G T>'{E) , for any 
a € y we denote by Ta{G) the following distribution from T>'{E) : 

Ta{G)U) = G{T^a{f)), feViE). 

We define 

V'{Ef = {G G P'(-E) such that r„(G) = G for any a G F}. 

We have the following proposition. 

Proposition 7 'D'{E)^ is a 1 -dimensional vector space over the field C . 

Proof . We note that the space 'D{E) is generated by functions Ta{5p(^i)) , a G V , 
i I , where the function 



Besides, we have for any i < j ^ I 



def / 1, if V e F{i) 
0, if V ^ F{i). 



b(iF(j)/F{i) 

where a;, G F{j) is some lift of 6 G F{j)/F{i) . 

Therefore for fixed element i G I it is enough to define G G V'{E)^ only on 
(5p(j) G T^{E) . The space of these values is a 1 -dimensional vector space over the 
field C. 

We denote the 1 -dimensional C -vector space V'{E)^ by fi{E) and call it the 
space of invariant measures on E . For any fi G ^(-E) and for any / G 'DiE) we 
denote 



/ 

V 
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For any i £ I we denote 



V 

We note that the C -vector space ^{V) is a C -algebra, i.e., for any 

f,g € ^{V) we have / • g{v) =^ f{v) • g{v) , where v £ V . From definitions 
of subspaces S{E) C J^{V) and V{E) C J^iV) we have that 

£{E) ■ V{E) C V{E). (20) 

Therefore for fixed /i G 1^{E) it is well-defined the following map 

: £{E) V'{E) 

Uf)i9) = If-9dfi, feSiE), geViE). 
V 

We have the following proposition. 

Proposition 8 Let fj. e fJ-iE) , n ^ . There is the following 6 -edges commutative 
diagram of embeddings: 



V'{E) 




V{E) 



Proof . Most edges are embeddings which given by formulas (jl6p - (|19p . 

We proof that the map : £{E) — > T)'[E) is an embedding. Indeed, let / G 
S{E) , / ^ . Then there \s v £ V such that f{v) ^ . By definition of the 
space £{E) there is i G / such that f{v + w) = f{v) for any w G F{i) . Then 
I^(/)(r„(5p(,))) = f{v) ■ fi{F{i)) / . Therefore I^(/) / . 

Now we prove that I^{V{E)) C £"'(£') . Indeed, let / G V{E) , supp/ C F{j) for 
some j G / . Then G lim T{F{j)/F{i)) , because I^{f){g) = I^{f){g \fu)) for 

any g G 'DiE) . (Here g \p(^j-) is the function restricted to F{j) and then extended 
to y by outside F{j) ). Therefore I^(/) G £'{E) . 
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Remark 5 Let f e £{E) , G £ V'{E) . Then we define f ■ G £ D'{E) by the 
followmg rule: 

From definitions we have for any /i, /2 € £{E) 

Im(/i-/2)=/i-Im(/2)=/2-I^(/i). 

From definitions we have also for any a £V and for any / G £{E) 

UTM))=Ta{Uf))- 

4.4 Fourier transform 

Let E = (I, F, V) be a complete Ci -space over the field Wq . Then E = E . 
Any a (zV defines the function ipa £ ^iE) ■ 

ipaiw) =^ 7p{a{w)), w eV. 
Definition 5 We fix fi £ n{E) . We define the Fourier transform : T){E) — > 

.... ... 

V 

Example 2 Let i G / . Then by easy calculations we obtain that 

F/.('^F(i)) = ■ ^F{i)^ ■ 

Lemma 2 Let a£V , h £V , / G V{V) . Then 
1. 

2. 

F^{^,-f)=T_,-F^{f). 
Proof follows at once from definition of Fourier transform by an easy calculation. 

From example [2] and lemma[2]we see that F^(Ta((5i?(j))) G F>{E) for any a £ V , 
i £ I . Since the space 'D{E) is generated by Ta(5j7(j)) , a £ V , i £ I , we obtain 
that F^{V{E)) C V{E) . 

The Fourier transform depends linearly on fi £ n{E) . Therefore the following 
map F is well-defined: 

F : V{E)(^cl^{E)^V{E) 
F(/0/.)''=i:'F^(/), f£V{E), fi£is{E). 

For any complete Ci -space E = (/, F, V) we have a canonical isomorphism 

fi{E) ®c KE) C, (23) 

where if /i G fJ-iE) , fi ^ , then fi (g) fi~^ i— > 1 , and £ n{E) = n{E)* , 

fi-^{F{i)^) =^ fi{F{i))-^ for any i G / . 
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Proposition 9 Let fi G ^(-E-) ; 7^ . Then 

1. F^-i o F^(/) = / for any f G V{E) ; 

2. is an isomorphism of C -vector spaces T>{E) and T>{E) . 

Proof . The first statement follows by direct calculations on the functions Ta{6p(^i^) , 
a £ V , i £ I by using example [2] and lemmaEJ because the space T>{E) is generated 
by the functions Ta{5p(^i^) , a £ V , i £ I . 

The second statement of this proposition follows from the first statement. 

Definition 6 We fix ^ £ m(^) such that fj. ^ . We define the Fourier transform 
F^-i : V'iE) V'iE) in the following way: 

F,.-i(G)(/) = G(F^-i(/)), G G V'{E), f G V{E). 

From definitions [5] and [6] we have that 

F^-ioI^(/)=VioF^(/), feViE). 

Prom definition [6] and formulas (I22p we have that the following map F is well- 
defined: 

F : V'{E) (g)c KE) V'{E) 
F(G®M-i) = F^-i(G), G£V{E), fiefi{E), fi^O. 

Lemma 3 Let G £ V'{E) , a£V , h£V . Then 
1. 

F^^i(r,(G)) = V'a-F^-i(G), 

2. 

F^-i(V'6-G)=T_,(F^-i(G)). 

Proof . Using lemma [21 we have for any / G T){E) : 

F^-i(T,(G))(/) = (r,(G))(F^-i(/)) = G(T_,(F^_i(/))) = 
= G(F^-i(V^a • /)) = F^-i(G)(V^, • /) = [^a ■ F^-i(G))(/). 

F^-i(V6 • G){f) = (V'ft • G)(F^-i(/)) = G{ij, ■ F^-i(/)) = 
= G(F^-i(T,(/))) = F^-i(G)(Tfe(/)) = T_b(F^-i(G(/))). 

For any G G V'{E) we define G G V\E) : 

G{f) = G{f), f£V{E). 
We note that for any g G £{E) we have 

1^(5) =1^(5)' • 
Proposition 10 Let fi G fJ-{E) , jj, ^ . Then 
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1. o F^-i(G) = G for any G G V'{E) ; 

2. F^-i is an isomorphism of C -vector spaces !)'{£) and T>'{E) . 

Proof follows at once from proposition [21 

Now we define the Fourier transform F : £{E) — > T>'{E) by the following 
rule: 

F(5) = F^-,oI^(5), geSiE). (24) 

We note that this map F does not depend on the choice of /i G IJ-iE) , although we 
use fj, G f^{E) , fi ^ for the definition of this map F . 

Remark 6 Let i < j I , then in section [3] we defined the Foutier transform 

F : T{F{j)/F{t))^Tmj)/F{m- 

Now using successively projective and inductive limits from formulas (jl0p -()15 p 
and explicit description of V from subsection 14.11 by means of statement [4] of 
proposition m we redefine the Fourier transform F^-i : ^'{E) — > T>'[E) . This new 
definition of Fourier transform coincides with the definition of Fourier transform 
which was given in this section above. 

Using this definition of Fourier transform, we have the following proposition. 

Proposition 11 The following statements are satisfied. 

1. F gives an isomorphism of C -vector spaces £{E) and £'{E) . 

2. F |^(-^) gives an isomorphism of C -vector spaces £{E) and £'{E) . 

3. For any f G £{E) , for any g G £{E) we have 

<¥{f),g>^^^^=<fMg)>£iE)- (25) 

4- For any G G £'{E) , for any v (zV we have 

F-i(G)(t;) =<G,^, >^-(£) . (26) 

Proof . Statements [H [2] follow from remark [6] and formulas (I12p -()15p. Statement [3] 
follows from statement [3] of proposition U statements [T][2] of this proposition and 
remark [H 

Statement H] follows from statement [3] in the following way. For any v & V we 
have 

5,e£'{E) : 6,{g)=g{v), geV{E). 

We have < f,6y >e{E)= /(^) foi^ ^'^Y f ^ £{E) ■ We have also F(V'i;) = 
T_^(F(1)) = T_^(5o) = ■ Now formula ^ follows from formula ([25]). 
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4.5 Poisson formula for 1-dimensional case. 

^ ^1 A ^2 ^ ^3 ^ 

be an admissible triple of complete Ci -spaces over the field , where 
Ei = {Ii,Fi,Vi), 1 < i < 3. Then we have the following admissible triple of 
complete Ci -spaces: 

^ Es ^ E2 ^ El ^ 0. 
Besides, we have the following canonical isomorphism: 

f^{Ei)^cKE3) ^ (27) 
where (/ii ® /i3)(i^2(j)) = w(^2(j) n Vi) ■ /x3(/3(F2(i))) , j G /2 , W G ^^{Vl) , 
We define the map a* : 

a* : V{E2) V{Ei), (28) 

where a*{f)[v) = f{a{v)) , f G ^(^2) , v e Vi . This map is well-defined. 
As conjugate map to the map a* we define the map a* : 

a* : V'{Ei) V'{E2). (29) 

We note that if we fixed fii G fJ-{Ei) , ^ui 7^ , and fixed fj,2 G /x(i?2) , /"2 7^ , 
then from formulas ([23j) and ([27j) we have well-defined /ii (8) ^2 ^ ^ /"(-^s) • 

We define t/ie characteristic function of subspace -Bi as distribution dEi,^ii G 
^'(^2) , where 

SE^f^Af) = I a* if) dl^i for any / G V{E2). 
Vi 

Analogously we can define fj.i^fj.-'^ ^ ^'(-E'2) • 

Theorem 1 (Poisson formula) . For any f G ^'(£'2) ; for any fii G /u(-E'i) , /^i 7^ 
0, and /X2 G /u(£'2) ; /t^2 7^ i/ie following equivalent statements are satisfied. 

1. 

J a*{f)dfii = J P*{F^,{f))d{fii®fi^') . (30) 

2. 

F^-i(<5b,,^J = <5e^_^^^^-i . (31) 
Proof . We have the following obvious properties: 

Ta{5El,^Ji^) = 5El,^l^ for any a G Vi ; (32) 
■06 ■ <5£;i,Aii = f^Si.Aii for any 6 G V3 . (33) 
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There are analogous properties for /ii®At"^ • 

By lemma[3]we have that properties given by formulas (|32p -()33p are changed with 
each other under the Fourier transform. We show that 5e-i,^x determined by these 
properties uniquely up to some constant. (And the analogy is true for /xi^/i"^ •) 
Indeed, from formula (p3]) it follows that Sei,^i = a*iG) for some G G T>'{Ei). 
Now from formula (j32p and proposition [7] we obtain that G{g) = c - J g dfii for 

some c € C and any g £ T>{Ei) . 

Therefore we proved formula ()3ip up to some constant d G C . To obtain that 
d = 1 we calculate formula ([3T|) on Sp^^^j^ € V{E2) for some j € I2 using explicit 
example [2j 

4.6 Direct and inverse images. 

Let 

^ ^1 A ^2 ^ ^3 ^ 

be an admissible triple of Ci -spaces over the field , where Ei = {li, Fi,Vi) , 
l<i<3. 

Now we define the map /3* : 

: V{E2)®cKEi) ^ViEs), (34) 

where 

P*if <^ 1^1) (w) J / 1/3-1(^)^^1 j Ty,,{f)dni = ni{T^f{f)\vi). (35) 

Here / G V{E2) , m € n{Ei) , w' G P~'^{w) and then p'^^iw) = w' + Vi . The 
result doesn't depend on a choice of the w' . 

As conjugate map to the map /3^, we define the map (3* : 

(3* : V'{Es)^cKEi) ^V'{E2). (36) 

We have the following property of the map /?* . 

Proposition 12 {Fubini formula) Let f G ^'(£^2) ; Mi G for 1 < i < 3 . Xei 

A*i "X) /U3 = ;U2 under the map [27\ ). Then 

j M f ® fJ'i)df^3 = j fdH2- 

E3 E2 

Proof . We know that the space T>[E2) is generated by functions Ta{6p2{i)) > where 
a G V2 1 i £ I2 ■ Therefore we check the Fubini formula on these functions. 

Now we extend the direct and inverse images of admissible monomorphisms and 
epimorphisms (see formulas (j28|) . ([29p . ([M]) . ([36]) ) to other types of functions and 
distributions from diagram (j2ip . The problem is that these maps are not defined 
for arbitrary admissible monomorphisms and epimorphisms. 
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Proposition 13 . The following maps of spaces of functions on Ci -spaces are 
well-defined. 



1 


















o 
z. 


P 




V{E2), 


where 




IS compact, 


Vl — 


i\er[p ) . 


6. 


a* 


: 


V{E2), 


where 


771 


IS discrete, 


T r 

V3 = 


Coker[a) 


4. 


/9* 




®c l^{Ei) — 












5. 


a* 




SiEi), 
















and a*{£{E2)) C SiEi). 










6. 


P* 




£{E2) , 
















and P*{£{E3)) c£{E2). 










7. 


a* 


: ^(i^i) 


£{E2), 


where 


E3 


is discrete. 


V3 = 


Coker{a) 






and a4£{Ei)) c £{E2). 










8. 


/3* 


■■ £{E2) 


®c l^{Ei) — 


- £{E3), 


where Ei 


is compact. 


Vl = 


Ker{P) , 



K{f)iz) 



and (i,{£{E2) 0c KEi)) C iiE^). 

Proof . For any map ^ : V ^ W we have the map 7* : J^{W) — > T{V) by the 

rule: -/*{f){v) =^ f{-/{v)) , where / G T{W) , v£V. 

For any embedding A : Y — > Z we have the map A* : J^{Y) — > J'iZ) by the 
following rule: 

, if z ^ A(y) 
f{y) ,if z = X{y), 

where / G J^{Y) , z e Z , y €Y . 

According to remark [3] we have that £{E) = 'D{E) for any compact Ci -space 
E = (/, F, V) . Therefore for the compact Ci -space Ei it is well defined the map 

/?* : £{E2) 0c KEi) £{E3) 

by formula (j35p . Now using proposition [5] we verify the statements of this proposi- 
tion. The proposition is proved 

Now as conjugate maps to the maps described in proposition [13] we define the 
direct and inverse images of admissible monomorphisms and epimorphisms for the 
spaces of all distributions T>'{Ei) , 1 < i < 3 when these maps are defined. To 
calculate the corresponding direct and inverse images for the other types of dis- 
tributions from diagram ([2T]) we have to introduce the topology on the spaces of 
functions £{E) and £{E) for a Ci -space E = {I,F,V) . 

Let {Bi} be a projective system of topological -vector spaces with surjective 
transition maps (over a discrete field k). Then limi?; is a topological A; -vector 

I 

space with a base of neighbourhoods of given by (t)Y^{V) for all / and all open 
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A;-subspaces V of Bi , where (pi : limi?; — > Bi is the natural map. By Hom^ (•, ■) 

I 

we denote a k -space of all k -linear continuous maps between topological k -vector 
spaces. Then we have a canonical isomorphism: 

Hom^°"* (lim Bi,k) =lim Hom^"'^* {Bi,k). (37) 

Let {^m} be an inductive system of topological A; -vector spaces with injective 
transition maps (over a discrete field k). Then limA^ is a topological A; -vector 

m 

space with a base of neighbourhoods of zero given by all k -subspaces U C lim Am 

m 

such that U n A m is an open k -subspace in A^, for any m . Then we have a 
canonical isomorphism: 

HomP*(lim^^, k) = limHomP*(^^, k). (38) 



Now we apply these reasonings to the field k = C (with a discrete topology) and 
the C -vector spaces £{E) and £{E) . We use formulas (fT3|) and (fT2]) . We consider 
the discrete topology on every finite-dimensional C -vector space J^{F{i) / F{j)) for 
any j < i (z I . 

Then £{E) is a topological C -vector space with the base of neighbourhoods of 
given by the following C -subspaces £{E)i (for all i € I): 

£{E)i = {fe£iE) such that / |F(i)= 0}. 

Let for any j (z I 

£{E)j =^ {/ G £{E) such that T^f = f for any w £ F{j)}. 

Then £{E) = |J £{E)j , and £{E) is a topological C -vector space with the base 

of neighbourhoods of zero given by all C -subspaces U C £{E) such that for any 
j £ I there is i (z I , i > j such that 

Un£{E)j D £{E)ir\£{E)j. 

We have that the canonical embedding £{E) C £{E) is a continuous map with 
respect to these topologies, but the restriction of the topology of £{E) to £{E) 
doesn't coincide with the topology of £{E) . 

Using formulas (fUj) and (fTSl) for the C -spaces £'{E) and £'{E), and also 
isomorphisms (j37p and (j38p we obtain the following canonical isomorphisms 



£'{E) = Homg'"*(^(E), C) and £'{E) = Hom^°"*(^(^), C). (39) 
We have the following lemma. 
Lemma 4 Suppose that conditions of proposition [73 are satisfied. Then 
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1. The maps a* , a* , P^^: , (5* (when they are defined) are continuous on the 
topological C -vector spaces £{Ei) , 1 < i < 3 . 

2. The maps a* , a* , /3* , (3* (when they are defined) are continuous on the 
topological C -vector spaces £{Ei) , 1 < i < 3 . 

Proof . We use explicit descriptions of open subsets on £{E) and £{E) given 
above. For example, to prove that f5^, is a continuous map from C -vector space 
£{E2) to C -vector space f(i?3) (or from C -vector space £{E2) to C -vector space 
£{Es) ) when Ei is a compact Ci -space, we use that 

P*{£{E2)i^cKEi)) C £{E3)i> 
when i € h, F2{i) D V\_ , and i' e h , Fs{i') = l3{F2{i)) . And also 

^3,{£{E2)j(^c^Ji{El)) c £{E^)j> 
when jeh, j' G h , and FgCj') = /3(F2(j)) • 

Using this lemma and formulas (j39p we consider the direct and inverse images 
as conjugate maps to the maps considered in proposition 1131 

Proposition 14 . The following maps of spaces of distributions on Ci -spaces are 



well-defined. 












1. a* : 


V'{Ei) 


^V'{E2). 








2. /3, : 


V'{E2) 


V'{E3), 


where 


El is compact, Y\ 


= Ker{p). 


3. a* : 


V'{E2) 


V'{E,), 


where 


E^ is discrete, V3 


= Coker{a) 


4. /3* : 


V'{E3) 


^cKEi) — > 


V'{E2). 






5. a* : 


£'{E,) 


£'{E2) , 










and a^{£'{Ei)) c £'{E'^ 


i)- 






6. : 


£\E2) 


£'{Es) , 









and P,{£'{E2)) C £'{E3). 

7. a* : £'{E2) — > £'{Ei), where E3 is discrete, V3 = Coker{a) , 

and a*{£'{E2)) C £'{Ei). 

8. 13* : £'{E3) (g)c f^{Ei) — > £'{E2), where Ei is compact, Vi = Ker{j3) , 

and P*i£'{E3) KEi)) C ^(^2). 

Proof . We use proposition 1131 lemma U and formulas ()39p . 

Remark 7 Using remark[4]we obtain that conjugate maps defined in proposition[T4l 
are compatible with respect to the canonical embeddings: 

£'{Ei) c £'{Ei) c V'{Ei), l<i<3. 
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From definitions of the maps a* , , (3* , (5^, we have the foUowing projections 
formulas. We fix m G /x(-Ei) . 

For any / G V{E2) and g G f (S3) 

/?*(/• /3*(5)^w) = /3*(/®m)-ff- (40) 
For any / G f (-E2) > 5 £ , and a compact Ci -space i?i we have 

/?*(/• /3*(5)^w) = /3*(/^/"i)-ff. (41) 
For any / G £{Ei) , g G f (-E2) , and a discrete Ci -space E'a 

«*(/•«*(<?))=«*(/) -ff- (42) 



Proposition 15 Let /ij G /^(-Ej) , 1 < ^ < 3 stic/i t/iai /^i (X" = according to 
map I^Tp . M^e /lawe t/ie following formulas. 

1. I^,(/3*(5)) = /3*(I;.3(5)) /or any 5 G f (i^s) ■ 

2. Let El be a compact Ci -space. Then I^^{l3^{f ^ fii)) = /3*(I/^2(/)) /^^ any 
f G £{E2) . 



Proof follows from Fubini formula (proposition [T2|) and projection formulas (^0 
and (I4B. 



4.7 Composition of maps and base change rules. 

Let 

^ ^1 A ^2 ^ ^3 ^ 

be an admissible triple of Ci -spaces over the field ¥q, where Ei = {Li, Fi,Vi) , 
l<i<3. 
Let 

a' 13 

0^L-^H-^E2^0 

be another admissible triple of Ci -spaces over the field , where L = ( Ji, Ti, U) , 
H = {J2,T2,W). 

We have then the following admissible triple of Ci -spaces: 

^ H X El ^ H E3 ^ 0. 

E2 

Let H' = H X Ei = {K, P, Z) as Ci -space. 

E2 

Proposition 16 . We have the following formulas. 
1. For any f G I5(i?) , v G ^(L) , /i G /u(E'i) 

(/?/9')*(/ ®{^® m)) = ^ z^) ® /^). (43) 
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2. For any G G V'{E-i) , v G ^(L) , /i G ii(E{) 

{PP'YiG (i/ fi)) = {(3'y{p*{G (44) 

3. For any f e £{E^) 

wnf) = {pr(3*if)- (45) 

4. For any G G £'{H) 

{PP'UG)=PMG). (46) 
We suppose further that Ei and L are compact Ci -spaces. Then H x Ei is 

E2 

a compact Gi -space, and the following formulas are satisfied. 

5. For any f e ViE^) 

iPP'Tif) = {P'rP*if)- (47) 

6. For any G G V'{H) 

{PP'UG)=P4P'UG). (48) 

7. For any f G £{H) , v G ^(L) , /i G ^i{El) 

{Pl3'Uf ^{ly® /u)) = PMif ® z^) C5 /")• (49) 

8. For any G G S'iE^) , u G fi{L) , /i G ^JL{El) 

{PP'YiG (i/ fi)) = {f3'y{(3*{G (50) 

Proof . We have by formula (I27p that the following equalities are canonically sat- 
isfied: 

KEi) ®c ^(^3) = , li{L) 0c = KH), 

Therefore we have that 

fi{L) ®cli{Ei) = KH'). 
The last formula follows also from the following admissible triple of Ci -spaces: 

Q ^ L H X El % El ^ (51) 
E2 



Therefore for v G ^{L) , G /^(-Ei) we have canonically v ® ^ ^ ^ [ H x Ei 

V E2 

Now formula (143 p follows from Fubini formula (proposition I12p . Formula ()44l) is 
the conjugate formula to formula ()43p . Formula (j45p is evident. We restrict formu- 
la (f45]) to the subspace £{E^) . Then formula (f46l) is the conjugate formula to the 
last formula. 

From triple (I5ip we obtain that if £^1 and L are compact Ci -spaces, then 
H X El is also a compact Ci -space. 

Now formula (j47p follows from the definitions of inverse images. Formula (j48p 
is the conjugate formula to formula (I47p . Formula ()49p follows from Fubini formula 
(proposition I12p . Formula (j50p follows from formula (|44p . The proof is finished. 
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Let 

El E2 ^ E-i 

be an admissible triple of Ci -spaces over the field Fg , where Ei = {li, Fi,Vi) , 
1 < i < 3 . Let a' : E2 — > H' be an admissible monomorphism, where H' = 
(J', r', W') , that is, there is an admissible triple of Ci -spaces 

^ E2 ^ H' L' ^ 0. 

We have the following admissible triple of Ci -spaces 

El ^ H' ^ E3UH' ^ 0. 

E2 

Proposition 17 . We have the following formulas. 
1. For any f G V{H') 



2. For any G G V'{Ei) 

3. For any f G £{H') 

4. For any G G £'{Ei) 



{a'anf) = a*ia'nf). (52) 

(a'a)*(G) = (a')*a*(G). (53) 

(a'a)*(/) = «*(«')*(/). (54) 

(a'a),(G) = (Q')*a*(G). (55) 



6. For any G G V'{H' 

7. For any f 8{Ei) 

8. For any G G £'{H'] 



We suppose further that E3 and L' are discrete Ci -spaces. Then E3 U H' 

E2 

is a discrete Ci -space, and the following formulas are satisfied: 
5. For any f eV{Ei) 

(a'aUf) = {a%a,{f). (56) 

{a'aYiG) =a*{a'y{G). (57) 

(a'aUf) = ia'),a4f). (58) 

{a'ay{G) = a*{a'y{G). (59) 

Proof . Formula (|52p follows from definitions of the corresponding maps. Formu- 
la (I53p is the conjugate formula to formula ()52p . Formula (I54p follows also from 
definitions of the corresponding maps. We restrict formula ()54p to the subspace 
£{W') . Then formula ()55p is the conjugate formula to this last formula. 
From admissible triple of Ci -spaces 

13 I Pgl 

^ E3 ^ E3UH' L' ^ 

E2 

we obtain that if E3 and L' are discrete Ci -spaces, then E3 U H' is also a discrete 
Ci -space. 
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Now formulas (j56p and (j58p follow at once from definitions. Formula (j57p is the 
conjugate formula to formula ()56p . Formula (I59p follows from formula ()57p . The 
proposition is proved. 



Let 







El — > E2 



/3 







be an admissible triple of Ci -spaces over the field Wq , where Ei = {li, Fi,Vi) , 1 < 
i < 3 . Let 7 : D — > £^3 be an admissible monomorphism, where D = (i?, S, Y) . 
That is, there is the following admissible triple of Ci -spaces 

O^D^Es-^B^O. 

Then we have the following commutative diagram (see section 14. ip : 



E2X D ^'^ 
E3 



^ D 



E2 > E^ 

where 7^ is an admissible epimorphism, and (3^ is an admissible monomorphism. 

Let X' = E2 X D = {N, Q,X) as a Ci -space. 

E3 

Proposition 18 {Base change rules) . We have the following formulas. 

1. For any f G V{E2) , fi G ^(£^1) 

7*/3*(/^^) = (7/3)*(/?;(/)^/^)- (60) 

2. For any G G V'{D) , fi G fi{Ei) 

r(7*(G')®M) = (/37)*7^(G'®^). (61) 

3. For any f ^ £{E^) 

7;7*(/') =/?;/?*(/')• (62) 

4. For any G' G 8'{X') 

P4P^UG')=7.i7MG')- (63) 

5. For any f G T){E-i) and compact Gi -space Ei 

7K(/') =/?;/?*(/')• (64) 

6. For any G' G T>'{X') and compact Gi -space Ei 

/3,(/3^),(G')=7*(7/3)*(G"). (65) 
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7. For any f G T){X') , fi G /i(i^'i) and discrete Ci -space B 

P4{P^)*{f) ® = 7*(7/3)*(/ ® (66) 

8. For any G G V'{E-i) , fi G fJ-iEi) and discrete Ci -space B 

7^(7*(G)®M)=/?;r(G0^). (67) 

We suppose further that Ei is a compact Ci -space, and B is a discrete 
Ci -space. Then the following formulas are satisfied. 

9. For any f G V{D) 

r7*(/) = (/?7)*7^(/)- (68) 

10. For any G G V'{E2) 

YP*{G) = {jp%p;{G). (69) 

11. For any f G S{X') , G i^{Ei) 

p*muf) ®ii) = i*{iMf ® m)- (70) 

12. For any G G £'{E^) , ^ G ^i{Ei) 

7;(7*(G)®/u) = /?;r(G^^). (71) 

Proof . Formula (I60p follows from the corresponding definitions. Formula (I6ip is the 
conjugate formula to formula (|60p . Formula (j62p follows also from the corresponding 
definitions. To obtain formula (|63p . we restrict formula (j62p to the subspace £{E^) 
and then take the conjugate formula to this formula. Formulas (I64p and (I66p follow 
at once from the corresponding definitions. Formula (j65p is the conjugate formula to 
formula ()64|) . formula ()67|) is the conjugate formula to formula (I66p . Formulas ()68p 
and (j70p follow at once from the corresponding definitions. Formula (j69p is the 
conjugate formula to formula ()68p . Formula (|7ip follows from formula (j67[) . 



4.8 Direct and inverse images and Fourier transform. 

Let 

^ ^1 A ^2 ^ ^3 ^ 

be an admissible triple of complete Ci -spaces over the field , where 
Ei = {Ii,Fi,Vi), 1 < i < 3. Then we have the following admissible triple of 
complete Ci -spaces: 

^ E^ E2 ^ El ^ 0. 
Proposition 19 We have the following commutative diagrams^: 



^Here andin the sequel, the expressions of type I3^,®^{E^) are shortenings of more correct /3*(8)Idp 



31 



V{E2) 



V{E2) ®c ^(^2) 



a,®ii{Ei) 



f3*(Sli(E2)* , 

V\Es)(^cKE3r > V'{E2)®cl^{E2T 



/3. 



V'{E2 
V'{E2) 



F(g,fiiE2) 



^ V'{E2) ^^{E2) 



V'iEs) 
V'{Ei) 

IJ.{Ei)^F 

V\E,)^cKE,) ^.^^(^^^ 
Proof . We use formulas which are analogous to formulas (|23|) and (|27p: 

^(^3) ®C Ai(^l) = /U(^2), 
KEi) ®c KEi) = C, 1 < i < 3. 
Now diagram (I72|) is equivalent to the following formula: 



(72) 



(73) 



(74) 



(75) 



(76) 



V3 V2 

which has to be satisfied for any / G V{E2) , any G 1^3 , and /U3 = /ii //2 • 

Now using = P*i'4'w) , projection formula (jiOj) and Fubini formula (propo- 

sition [12]), we obtain formula (j76p . 

Diagram (173p follows from diagram (I72p and proposition [H Diagram (I74p is 
the conjugate diagram to diagram ([73]) . Diagram ([75|) is the conjugate diagram to 
diagram ([72]l . 



32 



Proposition 20 We have the following commutative diagrams. 

13* 



£{E2 



e'{E2 

£'{E2 



£{E2) 



/3. 



/3. 



£{E2) 



-4 £\E2) 

£'{E2) 



£{E2 



£iEi) 



£'{E,] 



■> £'{Es) 



-4 £{E;) 



(77) 



(78) 



(79) 



(80) 



Proof . Diagram (j77p follows from diagram ()74p . proposition 1151 formula (j24p . and 
proposition [TTl 

Diagram (j78p follows from diagram (j77p . proposition II 11 and the following for- 
mula: F o F{g) = g for any g G £{Ei) (which follows from proposition llOp . 

We change in diagram ([77P the spaces £{Ei) on their subspaces £{Ei) ( i = 2, 3 ) 
correspondingly, and the spaces £'{Ei) also on their subspaces £'{Ei) (i = 2,3) 
correspondingly. Then by proposition \TT\ this new diagram is commutative. And 
the conjugation to this diagram gives diagram [79j (We used remark [H) 

Diagram (I80p follows from diagram ()79p and the following formula: FoF{g) = g 
for any g G £{Ei) . 
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4.9 The invariance property. 

For any Ci -space E = {I,F,V) we defined the spaces fJ-iE) , V^E) , V'{E), 
£{E) , £'{E) , £{E) , £'{E) . 

Proposition 21 . Let E' he another Ci -space such that E ^ E' . Then there are 
the following canonical isomorphisms: fJ-{E) = ^{E') , 

V{E) = V{E') , V'{E) = V'{E') , £{E) = £{E'), 

£'{E) = £'{E') , £{E) = £{E') , £'{E) = £'{E'). 

Proof follows from the corresponding definitions. 

Remark 8 . The isomorphisms from proposition [21] are well-defined with respect 
to isomorphisms (I23p and (127p . direct and inverse images, and Fourier transform. 



5 Two-dimensional case 
5.1 C2 -spaces 

We recall the definition of C2 -space from |13] . 

We fix a field k . By definition, objects of the category C2 , i.e. Ob(C2) , are 
filtered fc -vector spaces (I, F, y) with the following additional structures 

(i) for any i < j £ I on the A; -vector space F{j)/F{i) it is given a structure 
Ei^j G Ob(Ci) , 

(ii) for any i < j < k £ I 

— > Eij — > Ei^k — > Ej^k — ^ 

is an admissible triple from Ci . 

Let El = (Ii,Fi,Vi) and E2 = (12,^^2,^2) be from Ob(C2) . Then, by defini- 
tion, Morc2(£'i, £^2) consists of elements ^ € Homfc(yi, V2) such that the following 
conditions hold: 

(i) for any i £ Ii there is an j G I2 such that A{Fi{i)) C F2{j) , 

(ii) for any j £ I2 there is an i £ Ii such that A[Fi{i)) C -F^O) 1 

(iii) for any ii < i2 £ h and ji < j2 € I2 such that A{Fi{ii)) C F2{ji) and 
A{Fi(i2)) C i^2(j2) we have that the induced /c -linear map 

^ . Fi{i2) , F2{j2) 



Fliii) F2{ji) 
is an element from 

M„.c.,^,^). 
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Let ^1 = {h,F^,Vi) , E2 = {l2,F2,V2) and E3 = (13,^3,1^3) be from Ob(C2) . 
Then we say that 

^ ^1 A ^2 ^ ^3 ^ (81) 
is an admissible triple from C2 when the following conditions are satisfied: 

^ Fi A ^2 A ^3 ^ 

is an exact triple of /c -vector spaces, 

(ii) the filtration {Ii,Fi,Vi) dominates the filtration (l2,Fl,Vi), where 
F[{i) = F2{i) n Vi for any i e h , 

(iii) the filtration (-^3,-F3,V3) dominates the filtration (12,-^3,^3), where 
F^{i) = F2{i)/F2{i) n Vi for any i € I2 , 

(iv) for any i < j I2 

is an admissible triple from Ci . (By definition of Ob(C2) , on every vector 
space from triple ([82]) it is given the structure of Ob(Ci) ). 

We say that a from an admissible triple (j8ip is an admissible monomorphism, 
and (3 from an admissible triple (|8ip is an admissible epimorphism. 

Remark 9 Let E2 = {l2,F2,V2) be a C2 -space over the field k. Let 

^ A ^2 ^ ^3 ^ (83) 

be an exact triple of k -vector spaces. We define on spaces Vi and V3 the structures 
of filtered spaces {Ii,Fi, Vi), 1 = 1,3, where h = h = h , and Fi(z) = F2(i) n Vi , 

F3{i)= p{F2ii)) for ieh. 

By definition, for any i < j £ I2 on the space F2{j)/F2{i) it is given the 
structure of Ci -space, and we have the following exact triple of k -vector spaces: 

F,{j)/Fi{i) F2{j)/F2{i) F3{j)/Fs{i) 0. (84) 

Therefore, as in the case of remark [21 we consider the induced filtration on the 
/c -space Fi{j)/Fi{i) and the factor-filtration on the /c -space F3{j)/F-i{i) . 

The filtrations, so defined, gives always the structure of C2 -space Ei = 
(Ii, Fi,Vi) . At the same time, the factor-filtrations, which are defined above, will 
give the structure of C2 -space E3 = (13,^3,^3) iff the following conditions hold: 

(**) for any x G ^2 \ ^1 there exist I G I2 such that (x + F2{1)) Pi 14 = 0; 



(* * *) for any i < j £ I2 for the exact triple ([84 

condition (*) from remark [2] is satisfied. 

Moreover, under conditions (**) , (***), exact triple (I83p gives the admissible 
triple 

^ ^1 A ^2 — ^ ^3 ^ 0, 
i.e. a will be an admissible monomorphism, (3 will be an admissible epimorphism. 
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We say that a C2 -space Ei = {Ii,Fi,V) dominates another C2 -space E2 = 
(12,-^2, V) if the following conditions are satisfied: 

(i) the filtration {Ii,Fi,V) dominates the filtration (12,-^21^), 

(ii) for any i < j & I2 the Ci -space Enj = F2{j)/F2{i) with filtration induced 
by C2 -structure on Ei dominates the Ci -space E2ij = F2{j)/F2{i) with 
filtration induced by C2 -structure on E2 ■ 

We consider the group Autc2(-£') MorcjC-E, £')* (i.e., invertible elements in 
-algebra Mor^j -E) ) for any C2 -space E . By [131 prop. 2.1], if a C2 -space Ei 
dominates a Ci -space E2 , then canonically Autc2(£'i) = Autc2(-£'2) • 

Let E = {I,F,V) be a C2 -space. We define a C2 -space E = {P,F^,V) by 
the following way. The space V C V* is defined as 



~ def 

V = limlimi?, 



(85) 



je/ i>j 



where the Ci -space Ej^i is constructed from the Ci -space Ej^i = F{i) / F{j) (see 
section |4?T]) . The set is a partially ordered set, which has the same set as / , but 
with the inverse order than / . For j G the subspace 



hm E 



C V. 



(86) 



i<jeP 



If Ei,E2 £ Ob(C2) and G Morca (^1, £'2) , then there is canonically 9 G 
Morc2(^2,^i). If 

^ ^1 A ^2 ^ E-^ 



is an admissible triple of C2 -spaces, then there is canonically the following admis- 
sible triple of C2 -spaces: 







/3 



E3 — > E2 

Lemma 5 Let 

El E2 
be an admissible triple of C2 -spaces. 

1. Let D G Ob(C2) , and -f e Moic2{D,E3 



E^ 



E3 



0. 



Then there is the following admis- 



sible triple of C2 -spaces 







El 



la 



E2X D 



10 



D 



(87) 



and P-y G Morc2(£'2 x L),E2) such that the following diagram is commutative: 



E3 
El 



. E2X D 
E3 



7/3 



D 



^ 



El 



E2 



E3 
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2. Let A £ Ob((72) , and E Morcjl-^i)^) ■ Then there is the following admis- 
sible triple of C2 -spaces 



^ A ^ AUE2 Es ^ 

El 



and ao € Morcj (E2,A U E2) such that the following diagram is commutative: 

El 



-4 E^ 



-> E2 



-> E:, 







-> A 



AUE2 

El 



(90) 



E3 



-> 



Proof follows by repeating of reasonings of the proof of lemma [T] when in this proof 
the fibered product (or the sum) of factors of filtration is understood as the fibered 
product (or the sum) of Ci -spaces, constructed in lemma [U 



Definition 7 We say that a C2 -space {Ii, Fi,Vi) is a CC2 -space iff there is an 
z € /i such that Fi{i) = Vi . 

We say that a C2 -space {I2, -^2,^2) is an dC2 -space iff there is an j € I2 such 
that F2{j) = {0} . 

It follows from definition that if Ei is a CC2 -space, then Ei is an dC2 -space. 
If E2 is an dC2 -space, then E2 is a CC2 -space. 

Definition 8 We say that a C2 -space {Ii,Fi,Vi) is a cfC2 -space iff for any 
ii > ji £ Ii the Ci -space F{ii) / F{ji) is a compact Ci -space. 

We say that a C2 -space (/2 5-p2> V2) is a dfC2 -space iff for any i2 > 32 G I2 
the Ci -space F{i2) / F{j2) is a discrete Ci -space. 

It follows from definition that if Ei is a C/C2 -space, then Ei is a dfC2 -space. 
If E2 is a dfC2 -space, then E2 is a C/C2 -space. 

Definition 9 We say that a C2 -space (I, F, V) is a complete C2 -space if the 
following conditions are satisfied: 

1. For any i> j ^ I the Ci -space Ej^i = F{i)/F{j) is a complete Ci -space. 

2. 

V = limlimF(i)/F(j). 
It follows from definitions that E is a. complete C2 -space iff E = E . 
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5.2 Virtual measures. 

Let E = [I, F, V) be a C2 -space over the field Fg . 

For any we define a 1 -dimensional C -vector space of virtual measures 

/.(F(0 I F(j)) lim Homc(M(F(i)/F(/)) , (91) 

l<i,l<j 

where to take the inductive limit we need the identities which follow from formu- 
la (ETD: for I' <l£l 



^l{F{^)/F{l')) = Km/m) ®c Km/m) 
^i{F{j)/F{l')) = Km/m) /i(F(/)/F(0). 

And 

/ e Romc{KF{i)/F{l)),f,{F{j)/Fm ^ /' G ilomc{KF{i)/F{l')), f,{F{j)/F{l'))), 

where f'{a (8> c) *== f{a) c , a is any from n{F (i) / F (I)) , c is any from 
fi{F{l)/F{l')) . This map is an isomorphism. 

Proposition 22 For any € / there is a canonical isomorphism 

7 : fi{F{i) I KF{j) I F(/)) ^ KF{i) \ F{1)) 

such that the following diagram of associativity is commutative for any l,n ^ I : 

KF{i)\Fij))(X,cf^iFij)\F{l))C^cf^iFil)\F{n)) > ^l{Fi^)\F{l))C^cKF{l)\Fin)) 



KF{i)\F{j))^cf^{F{j)\F{n)) > t,{Fii)\F{n)) 

Proof . We have a canonical map: 

RomMF{i)/F{l')),fi{F{j)/F{l'))) ®c ilomciKFij)/Fil')), ^i{F{l)/F{l'))) 



Homc(M(F(i)/F(/')),/x(F(/)/F(/'))) 

(92) 

which satisfies the associativity diagram. And this map commutes with the inductive 
limit from the definition of \ •) . We obtain the map 7 after the taking the 
inductive limit in (192)1. 



Remark 10 We have the following canonical isomorphisms. For any i,j S / 

^i{F{i)\F{^)) = C , ^^{F{i)\F{j))=^,{F{j)\F{^)r. 
Let i < j ^ F Then 

^^{F{^) I F{j)) = ^{F{j)/F{^) , ^,{F{j) \ F{i)) = ^,{F {j) / F {i))* . 
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5.3 Basic spaces 

Let E = (/, F, V) be a C2 -space over the field Fg . Let i>j>l>n£l. Then 
F{i) D F{j) D F{1) D F{n) , and from the definition of a C2 -space we have 

F(j)/F(n) ~ (F(i)/F(n)) x [F[j)/F{l)) 

F{i)/F{l) 

F(i)/F{l) ~ n (F(i)/F(0) 

F{j)/F{n) 

as Ci -spaces. 

For any i > j > I ^ I we have the following admissible triple of Ci -spaces: 

^ ^ F{i)/F{l) ^ ^ 0. 

We fix some o ^ I . Then from section 14.71 we have that the following spaces 
over the field C are well defined. 



T^F(,o){E) = \\m\\mV{F(i)/F{l)) ®c I F{o)) = 

i I 

= limlimP(F(i)/F(/)) (g)c | F(o)) 

I i 

(93) 

with respect to the maps (Piji)* (81 fi{F{j) \ F{o)) : 

V{Fii)/F{l)) ®c Km I ^(0)) V{F{i)/F{j)) ®c KHj) I Ho)), 
and the maps ajj- fJ,(F{l) \ F{o)) : 

V{F{i)/F{l)) ®c KFil) I F{o)) V{F{j)/F{l)) ®c f^{F{l) \ F(o)). 



V'j,^^^{E) limlimV'{F{i)/F{l)) 0c /x(F(o) [ F{1)) = 

i I 

= limlimP'(F(f)/F(0) ^^{F{o) \ F{1)) 
I i 

(94) 

with respect to the maps j (g) fj,{F{o) \ F{1)) : 

V'{F{i)/F{j)) ®c KF{o) I F{j)) V'{F{i)/F{l)) ®c l^{F{o) \ F{1)), 
and the maps (a^jj),, ^ fj,{F{o) j F{1)) : 

V'{F{j)/F{l))(^cl^{F{o)\F{l)) P'(F(i)/F(/))®cMi^(o)|i^(0)- 

S{E) =^ limlim^(F(i)/F(0) (95) 
j I 

with respect to the maps aij- and . 
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S{E) =^ limlim S{F{i)/F{l)) (96) 



I 

with respect to the maps f3*j- and ajj- 



S'{E) = \ira\i^£'{F{i)/F{l)) (97) 

i I 

with respect to the maps (a/jj)* and (Piji)* ■ 

£'{E) = lim\im£'{F{i)/F{l)) (98) 

I i 

with respect to the maps and (aiji)^ . 

From definitions of these spaces we have the fohowing canonical isomorphism 
for any Oi G / : 

V^^^.^iE) ®c l^{F{o) \ F{oi)) 'Dp^or)iE) 
such that the following diagram is commutative for any 02 & I : 

Vp(^„^(E)^ClJ-{Ho)\F(oi))®ClJ'{F(oi)\F{o2)) S- X'j.(„^)(£)®c;i(i^(oi)|F(o2)) 



Dually, we have the following canonical isomorphism for any oi ^ I : 

f,{F{oi)\F{o))^cV'j,^o)iE) T^Fio,)iE) 
such that the following diagram is commutative for any 02 G / : 

M(F(o2)lF(oi))®cM(i^(oi)|F(o))®c2?i.(„)(i?) ^ f,iFio2)\F(oi))»cT>'p^^^^iE) 



M{F{02)|F(0))®c^55.(„)(E) ^ ^F(o2)(^) 

Since for any i > I E I there are canonical embeddings 

S{F{i)/F{l)) ^ £{F{i)/F{l)) 

£'{F{z)/F{l)) ^ £'{F{z)/F{l)), 
there are the following canonical embeddings: 

£{E) ^ £{E) 

£'{E)^£'{E). 

Moreover, we have an embedding £{E) — > ^iY) such that £{E) and £{E) 
are C -subalgebras of C -algebra J^iV) . 
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Proposition 23 The following statements are satisfied. 

1. The C -vector space T)pi^g-^{E) is a module over the C -algebra £{E) . 

2. The C -vector space T>'p^^-^{E) is a module over the C -algebra £{E) . 

Proof . We construct the map: 

£{E)®c'Dp^^,^{E) Vf^,){E). (99) 
For any ii > Ji G / we have the foUowing multiphcation map: 

£{F(h)/Fin))(iicViF(h)/Fin))(iicKFiji)\F(o)) ^ D(F(n)/F(ji))®cM(i"(il)|i"(o))- (100) 

Now from projection formula (j40p we have the following formula for any i > j > 
Z G I , for any <7 G £{F{i)/F{j)) , f G V{F{i)/F{l)) , fi G ^i{F{l) \ F{o)) : 

((Aii)*®^(i^(i)/F(o)))(A(A*,(<7)^/®^)) = A(50((A,i)*^/i(i^(j)/i^(o)))(/®^)). 

(101) 

Using formulas (j95p and (j93p we construct map (|99p from maps (jlOOp . Due to 
formulas (jlOip it is well defined. We proved the first statement of the proposition. 

For any ii > Ji G / , any / G £{F{ii) / F{ji)) we defined in remark[5]the action 
of / on T)' {F{ii) / F{ji)) as conjugate action to the action of / on T>{F{ii) / F{j\)) . 
Therefore applying the conjugate formulas to the formulas above, from formulas ()95p 
and ([M|) we construct the conjugate action of £{E) on V'p^^^{E) . 

Remark 11 Let {Bi} , / G J be a projective system of vector spaces over a field 
k with the surjective transition maps </'/i,/2 • ~^ h ^ h ^ J ■ Let 

be a partially ordered set with the same set as J but with inverse order then 
J. Let {Ai} , I G be an inductive system of A: -vector spaces with the injective 
transition maps ipi2,ii ■ Ai^ — > Ai^ . Suppose for any / G J we have a nondegenerate 
A; -linear pairing 

<•,•>; Bix Ai ^ k 
such that for any h > h & 1 , 2; G Bi-^ , y G Ai^ we have 

< 4>h,i2(.^),y >i2=< x,ipi2,h{y) >h ■ 

Then we have canonically nondegenerate k -linear pairing between k -vector spaces 
limi?; and lim Ai which is induced by pairings <•,•>;, I G J . 

leJ ie.P 

For a C2 -space E = (I, F, V) over the field ¥q , for any i > j G I there are non- 
degenerate C -linear pairings between 'D{F{i)/F{j)) and 2?'(F(i)/F(j)) , between 
£{F{i)/F{j)) and ^'(F(i)/F(j)) , between £{F{i)/F{j)) and £'{F{i)/F{j)) (see 
remark S]) . 

Therefore applying remark [11] twice to formulas ()93p - (j98p we obtain that there 
are the following nondegenerate pairings: 

< - >I5^(„){E) : ^Fio){E) X P^(„)(i?) C 
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< ■■ £iE)x£'{E) C 

<;->e^E) ■ £'{E)xS{E) C. 

Now from the construction of multiplications from proposition [23] we have for 
any g G £{E) , f G Vpf^.^iE) , G G V'^^,){E) : 

<f,9-G >p^^^j(^)=< g- f ,G >c^(„,(s) . (102) 

Remark 12 Let E = (I, F, V) be a C/C2 -space over the field ¥q . Then for any 
i > j I we have a canonical element 

Uj £ ^i{F{i)/F{j)) : =^1. 

Therefore for any k,l £ I we have a canonical element l^i G ^{F{k) \ F[l)) such 
that for any k,l,n £ I according to proposition I22t 

7(1^ ® hn) = 'i-kn- 

Taking into account these elements lio and Iqi for l,o £ I we can do not write 1 - 
dimensional C -spaces ijl{F{1) \ F{o)) and fi{F{o) \ F{1)) in formulas (I93p and ([94]) 
which define C -spaces I'_p(o)(£;) and V'p^^-^[E) . These C -spaces do not depend on 
the choice of £ I . 

Similarly, Let E = (I, F, V) be a dfC2 -space over the field . Then for any 
i > j £ I we have a canonical element 

6,,£^,{F{r)/F{j)) : 5,,m)^^'l. 

Therefore for any k,l £ I we have a canonical element Ski £ tJ'{E{k) \ F{1)) such 
that for any k,l,n £ I according to proposition [22] 

Taking into account these elements 5io and 60I for l,o £ I we can do not write 1 - 
dimensional C -spaces ^i{F{l) \ F{o)) and fi{F{o) \ F{1)) in formulas ([93]) and ([94]) 
which define C -spaces 2^_p(o)(£;) and 'D'p,^^^{E) . These C -spaces do not depend on 
the choice of £ I . 

Remark 13 From a C2 -space E = (I, F, V) over the field ¥g , we constructed 6 
C-spaces: Vf^,){E) , V'^^^^{E) (for any £ I), £{E) , £{E) , £'{E) , £'{E) by 
formulas ([Mil - ([98]) . 

We can construct 10 C -spaces, where additional C -spaces appear if for any 
i > / G / weput £{F{i)/F{l)) instead £{F{i)/F{l)) in formula ([M]) , £{F{i)/F{l)) 
instead £{F{i)/F{l)) in formula ([96]), £' {F {i) / F {I)) instead £'{F{i)/F{l)) in for- 
mula ([98]), £'{F{i)/F{l)) instead £'{F{i)/F{l)) in formula ([97]). 

In the sequel we restrict ourselves to consider 6 C-spaces which are given by 
formulas ([93]) -([98]). 

5.4 Fourier transform 

Let E = (/, F, V) be a complete C2 -space over the field ¥q . Then we have E = E . 
We fix some o G / . 



42 



5.4.1 

Let i > j ^ I be any. By section [53] there are the following C -linear maps: 

/ G £{F{i)/F{j)) ^ / G £{F{i)/F{j)) 

G G £'{F{i)/F{j)) ^ G G £'{F{i)/F{j)) 
f^fi G V{F{i)/F{j))®cKnj) I F{o)) ^ /^^ G V{F{i)/F{j))^cf^{F{j) \ F{o)) 
G0fi' G V'{F{i)/F{j))0cKF{o) I i^(i)) ^ G0^' e P(F(i)/F(i))®cM(i^(o) I 

They map the C-subspaces £{F{i)/F{j)) C £{F{i) / F{j)) and £'{F{i)/F{j)) C 
£'{F{i)/F{j)) to itself correspondingly. 

These maps commute with direct and inverse images when we change i,j G / 
to i' ,j' G / , i' > i , j' < j ■ Therefore using formulas ([93]) - ([98]) we have that the 
following C -linear maps are well defined: 

/GP^(,)(i?)^/GPp(,)(i?) 

GG2^^(o)(i?)^GGP^(,)(i?) 

/ G £{E) ^ / G £{E) 

G G £'{E) I — >Ge £'{E). 

They map the C subspaces £{E) C £{E) and £'{E) C £'{E) to itself correspond- 
ingly. 

The square of any from these maps is the indentity map. From the corresponding 
formulas in 1-dimensional case we have the following formulas: 

< /,G'>2,^j^,(S)=< /,G'>i,^^^j(S) for any feVp^^){E), G G 

< f,G>£^E)=< f,G>£(^E) for any fe£{E), Gg£'{E); 

<GJ>£^E)=<Gj>£iE) for any G££'{E), f £ £{E). 

5.4.2 

According to section [5TT] we have the C2 -space E = {I^,F^, V) . For any i > j £ I , 

for the Ci -space Ej^i = F{i)/F{j) we have the Ci -space Ej^i = F^{j)/F'^{i) . 
For any l,n I we have 

I F{n)) = I FO(n)). (103) 

Indeed, let k (z I such that k < I , k < n . Then according to proposition 
remark [TOl and formula (I23p we have 

fi{F{l) I F(n)) = I F(A:)) 0c | F{n)) = 

= ^i{F{l)/F{k)y 0c l^{F{n)/F{k)) = f^iF^k) / F\1)) 0c KF'{k)/F\n)r = 
= fi{F\l) I F^k)) 0c I FO(n)) = f,{F\l) \ F^{n)). 
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Therefore we have the following maps for any i > j G I : 

F®f,iFii)\F{o)) : 
V{F{i)/F{j)) 0c Km I F(.o)) V{F^{j)/F\i)) ®c I F\o)) ^ 

F (g) ^l{F{o) I : 



(105) 

F : £{F{^)/F{j)) S'{F\j)/F%)) (106) 
F : £\F{i)/F{j)) 8{F\3)/F%)) (107) 
F : £{F{{)/F{3)) £' {F\j) / F\i)) (108) 
F : £'{F{€)/F{j)) £{F\j)/F\€)). (109) 



We remark that the map F from formula (|106p being restricted to the C - 
subspace £{F{i) / F{j)) C £{F{i) / F[j)) coincides with the map F from formu- 
la (jlOSp . The map F from formula (jl07p being restricted to the C -subspace 
£'{F{i)/F{j)) C £'{F{i)/F{j)) coincides with the map F from formula (fT09]l . 

Now we use diagrams ()72p -()75 p . ()77p -()80 p . which connect Fourier transform with 
direct and inverse images. We use it when we change i, j G / to £ I , i' > i , 
j' < J J and take the limits according to formulas ([93]) - ([98]) . We obtain that the 
following C -linear maps (two-dimensional Fourier transforms) are well defined: 



F : Vf^,){E) PfO(o)(^) (110) 

F : P^(„)(i?) ^ V'po^,)iE) (111) 

F : £{E) £\E) (112) 

F : £'{E) £{E) (113) 

F : £{E) £'{E) (114) 

F : £\E) £{E). (115) 



We remark that from the construction and the corresponding one-dimensional 
property it follows that the map F from formula (|112p being restricted to the C - 
subspace £{E) C £{E) coincides with the map F from formula (jll4p . The map 
F from formula (I113P being restricted to the C -subspace £'{E) C £'{E) coincides 
with the map F from formula (jllSp . 

Proposition 24 The following statements are satisfied. 

1. The maps F are isomorphisms of C -vector spaces from formulas niC^ - ^TT^) . 

2. For any f G Vf(o){E) and G G V'p^^^{E) 

FoF(/)=/, FoF(G) = G', 
for any f G £{E) and G G £'{E) 

FoF(/)=/, FoF(G) = G'; 
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3. For any f G Vp^,){E) and G G V'p^^^{E) 

<F(/),G>^^^^,(^)=</,F(G) >^,(„,(^), 
for any f G £{E) and g G £{E) 

< F(/),5 >£» = < , 
/or any H e£'{E), G G 

<F(F),G>^(^)=< i/,F(G) >^-(^). 

Proof follows from the construction of two-dimensional Fourier transform given in 
this section and the properties of 1-dimensional Fourier transform (see section I4.4p 
applied to functions and distributions on Ci -spaces F{i)/F{j) for any i > j & I ■ 

5.5 Central extension and its representations 

In this section we construct a central extension of group of automorphisms of an 
object of the category C2 and consider representations of this group on the spaces 
of functions adn distributions of the given object. 

5.5.1 

Let a C2 -space Ei = {Ii ,Fi,V) dominates a C2 -space E2 = {h , F2,V) (over the 
field Fg ). We fix some o (z I2 ■ Then we obtain the following canonical isomorphisms: 

^F(o)(-Sl) = Vf(o){E2), V'p^^^{Ei) = V'p^^^{E2), 

£{Ei) = £{E2), £'{Ei) = £'{E2), 

£{Ei) = £{E2), £'{Ei) = £'{E2). 

Indeed, from formulas (f93j) - (i98|) we obtain that inductive and projective limits used 
in the definitions of these spaces will be the same on sets of indices depending on 
Ii or I2 ■ Moreover, by the same reasons, the two-dimensional Fourier transform 
coincide for the spaces depending on Ei or E2 ■ (Compare it with section WM ) 

5.5.2 

Let E = (/, F, V) be a C2 -space over a field k . We construct the maximal C2 - 
space E over the field k , which dominates the C2 -space E . By G{E) we denote 
the set of all fc-subspaces W C V such that there are some i > j & I with the 
properties: 

. F{i) DWD F{j) , 

• for any x G F{i)/F{j) , x ^ W/F{j) there is I G hj such that 
{x + Fij{l)) n {W/F{j)) = (this intersection is inside F{i)/F{j) ), where 
{lij, Fij, F{i)/ F{j)) is the structure of Ci -space on the /c -space F{i)/F{j). 
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Then G{E) is a partially ordered set, which is ordered by inclusions of subspaces. 
We remark that for any k, I G G{E) there are pi > P2 G G{E) such that pi > k > 
P2 , Pi^l > P2 ■ Therefore is a filtered k -vector space with filtration given by 
G{E) (see section SI]) . 

For any Wi,W2 G G{E) such that Wi D W2 we introduce the structure of 
Ci -space on the A; -vector space W1/W2 in the following way. There are i > j (z I 
such that 

F{i) F{j). 

The A: -space F{i)/F{j) is a Ci -space, therefore it is filtered. We restrict the fil- 
tration from the -space F[i)/F{j) to the /c -space Wi/F{j) . After that we take 
the factor filtration on the A; -space W1/W2 ■ By Gij{Wi/W2) we denote the set of 
A; -subspaces of W1/W2 which are given by this filtration. Now by Gr{Wi/W2) 
we denote the set of all A; -subspaces U C W1/W2 such that there are some 
P,Q e Gij(Wi/W2) with the property 

PdUdQ. 

Then Gr{Wi/W2) is a partially ordered set, which is ordered by inclusions of sub- 
spaces. The filtration on W1/W2 which is given by elements of Gr{Wi/W2) defines 
a well-defined Ci -space on Wi /W2 ■ 

Thus we constructed the well-defined C2 -space E , which is filtered by the set 
G{E) . We denote this C2 -space by (/, F, V) . 

5.5.3 

Let E = {I,F,V) be a C2 -space over the field Fg . Then for any ii, 12 € I we 
have the virtual measures space fi{F{ii) \ F{i2)) ■ We have Autc2(E') = Autc2(-E) . 
For any g G Aut^jl-E') , for any i G / we have from the definition of the group 
Autcjl-f') that gF{i) = F{p) for some p € I . Therefore for any g,h G AutCiiE) , 
for any 11,12 G / we have the well-defined 1 -dimensional C -vector space 
fi{gF{n) I hF{i2)) . 

For any g G Autcj (E) , for any p > g G / we have the following C -isomorphism 
ng : fiiF{p)/F{q)) ii{gF{p) / gF{q)), 
where for any U G Gr{gF{p) / gF{q)) , for any fi G fj,{F (p) / F (q)) : 

For any g G Autcj (E) , for any p,q,s (z I , s < p , s < q we have the following 
C -isomorphism mg : 

RomMF{p)/F{s)),fi{F{q)/F{s))) Ylov^MgF{p) / gF{s)), ^l{gF{q) / gF{s))), 
where for any / G Homc(/x(F(p)/F(s)), : 

^gU) rigo f oug-i. 
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No we apply isomorphisms nig to the inductive limit in formula (j9ip . then we 
obtain the following C -linear isomorphism for any p, g G I : 

Ig : I F{q)) fi{gF{p) \ gF{q)). 

We have for any gi,g2 S G that Ig-^^g^ = lgjg2 ■ Besides, ^{lg{a) (g) lg(h)) = 
lg"i{a h) (see proposition [22]) for any a € fj,{F{p) \ F{q)) , b G iJ,{F{q) \ F{s)) , for 
any p,q,s e I 

Let g € I. Then for any /x G iJ,{F{p) \ F{q)) , 7^ we define canonically 
G fj,{F{q) I F{p)) such that fii^fi^^ = 1 with respect to the following canonical 
isomorphism: 

fi{F{p) I ®c I Fip)) = C. 

Let E = (I, F, V) be a C2 -space over the field ¥q . We fix some o £ I . Then 
there is the following central extension of groups: 

1 ^ C* ^ AuQ£;)^(„) ^ Antc,{E) 1, (116) 

where 

AuQi;)^(„) = {(5,/x) : 5 e Autc2(^), e ^(^(o) I dFio)), ^ ^ 0}. 

Here A((5r, ^u)) = g . The operations (gi, /Ui) • (32, /U2) = (9i52, 7(/"i ^<n(/f2))) and 
{g,IJ,)^^ = {g^^ Jg-iifJ-^^)) define the structure of a group on the set Autc2iE)pi^^y 
(The unit element of this group is (e, 1) , where e is the unit element of the group 
Antc,{E)). 

Remark 14 For any oi € / there is a canonical isomorphism 

ao,oi ■■ Autc2(^)i7(o) — > Autc2(^)F(ol)• 
Indeed, we fix any u £ fi{F{oi) \ F{o)) , 7^ . Then 

The map (Xo,oi does not depend on the choice of G fif^Fipi) | F(^o)) , u ^ . 

Remark 15 For any C2 -space E = (/, F, V) over a field k , any o G / it is 
possible to construct the central extension: 

^ Z ^ Aut^^)^(„) knicAE) I. (117) 
If the field A; = Fg , then under the map 

a G Z I — . g° G C*, 

which we apply to the kernel of central extension (jll7p . central extension (jll7p 
transfers to central extension (jll6p . 

In the case if a C2 -space E is constructed from the two-dimensional local field 
k[{ti)){{t2)) , then central extension (jll7p was constructed in pT]. 
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5.5.4 



Let E = (I, F, V) be a C2 -space over the finite field Fg . In section 15.5.21 we 
constructed the maximal C2 -space E = (I, F, V) which dominates the C2 -space 
E . We recaU that G{E) is the set of all /c -subspaces W CV such that W = F{p) 
for some p & I . Then any g E Autcj (E) induces an isomorphism of the set G{E) . 
For any g E Autcj {E) , for any p > q (z I we have the following maps: 

rg : V{F{p)/F{q)) V{gF{p)/gF{q)) (118) 

Tg : £{F{p)/F{q)) £{gF{p)/gF{q)) (119) 
rg : £{F{p)/F{q)) £{gF{p) / gF{q)), (120) 

where rg{f){v) =^ fid^^v) for any v G gF{p)/gF{q) and any / from T>{F{p)/ F{q)) , 
or any / from £{gF{p) / gF[q)) , or any / from £{F{p) / F{q)) . 

Applying formulas (|119p - (|120p to formulas ([96]) and ([95]) we obtain the maps for 
any g G Autca {E) 

rg : £{E) £{E) 
rg : £{E) £{E) 

such that rgrh = rgh for any g,h £ Aut^j {^) ■ 

Therefore using section 15.5.11 we obtain the representations of the group 
Autc2(-£') by maps rg on the C -spaces £{E) and £{E) such that the first one is 
a subrepresentation of the second one. 

We fix some o & I . Using formula (jllSp we construct the map Rg for any 

9 = {g, fj) G Autca {E) ^(^) for any p > q e I : 

Rg : V{F{p)/F{q))^cKF{(l) I F{o)) ^ V{gF{p)/gF{q))®cl^{gF{q) \ F{o)) 

(121) 

as composition of the map rg ® Ig with multiplication by ^ ""^ € fi{gF{o) \ F{o)) . 
Applying this formula to formula (j93p we obtain the map for any g G 

Autc2(£^)F(o) : 

Rg : Vp^,){E) Vf(^,){E) 

such that RgRj^ = Rgj^ ■ 

Therefore using section [5. 5. II we obtain the representation of the group Autcj {E)p^^-j 
by maps Rg on the C -space Vpi^o){E) ■ 

From constructions we have the following formula: 

Rg{f ■ H) = r^^g^if) . Rg{H) (122) 
for any ~g G Aut^^)^(„) , / G £{E) , H G V{E) . 

Dually to formulas (|119p - ()120p . for any g G Autc2(-£') > P > q ^ I we 

have the following maps: 

r'g : £'iFip)/F{q)) £' {gF{p) / gF{q)), (123) 
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r'g : 8'{F{p)/F{q)) £'{gF{p)/gF{q)). (124) 

Applying formulas (|123p - (|124p to formulas ([97|) -([98 |) . and using section 15.5.11 
we obtain the representations of the group AutcjC-E) on the C -spaces £'{E) and 
£'{E) by maps r'g such that the first representation is a subrepresentation of the 
second one. By construction, we have for any /i € £{E) , any Hi € £'{E) , and any 
g e Autc^iE) 

< rgfi , r'gHi >^(£;) = < fi , Hi >s{e) ■ 

We have for any /2 G £{E) , any H2 G ^'(^) , and any g G Autc2(-£') 

< r'gH2 , rgf2 >£(^E) = < ^2 , /2 >^(S) ■ 

Let o G I . Dually to formula (|12ip we construct the map R'g for any g = 
{g,fi) G Autc2(^)^(o) for any p > q e I : 

R'g : V'{Fip)/F{q))^cKFio) I Fiq)) V {gF{p) / gF{q))®cii{F{o) \ gF{q)). 

(125) 

Applying formula ()125p to formula ((Mil , and using section 15.5. H we obtain the 
representation of the group A.nic2{E) pi^^-^ on the C -space ^^'^^^^{E) by maps R'- . 
By construction, we have the following formula for any H G 'D'p^^-^[E) , any / G 

'^F{o){E) , any 5 G Autca (-E)^^^) : 

< R'-g{H) , R-gU) >p^^^^(^)=< , / >v,,^,iE) ■ (126) 

From formulas (jl26p . (jl22p . and (jl02p we obtain the following formula for any 
/ G f (S) ,anyHe V'p^^^{E) , and any g G AiIt^S)^(„) : 

i?i(/-/7) = i2A(^)(/)-i2i(//). 

5.5.5 

Let E = (/, F, V) be a complete C2 -space over the field ¥q . Then ^ = (7°, F^, F) , 

and E = E . For any G Autcj (E) we have canonically g G Autcj (-E) . And we 
have the following isomorphism of groups: 

g G Autc72(F) ^ e Autc2(^). (127) 
Also for any o G / we have the following isomorphism of groups: 

(5,/i) G Autc2(F)p.(o) I — > ir^.^j) G Autc2(^)p.o(o), 

where we use isomorphism (I103p to obtain that for any g G Autc2(-E') canonically 

/.(F(o) I gF{o)) = i,{F\o) \ r^F^o)). (128) 

Using isomorphism (jl27p we obtain representations of the group Autc2(£') on 
C -spaces £{E) , £{E) , £'{E), £'{E) . 

Using isomorphism (I128P we obtain representations of the group Autca (-£')i?(o) 
on C -spaces X'po(o)(-B) and I>^o(o)(-E') • 
We have the following proposition. 
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Proposition 25 Let E = (I, F, V) he a complete C2 -space over the field . We 
fix some o €z I . Then 

1. The Fourier transform F gives an isomorphism between representations of the 
group Autc2(-E') on C -spaces £{E) and £'{E) and on C -spaces £{E) and 
£'{E) . 

2. The Fourier transform F gives an isomorphism between representations of the 
group K\iic2{^) F{o) '^'^ C -spaces Vp^^^^^E) and PpO(o)(£') and on C -spaces 
V'p^^^{E) and P^o(„)(^). 

Proof . Using definition of 2 -dimensional Fourier transform F from section 15.4.21 
and using formulas ([93|) - ([98]) . we reduce the statements of this proposition to corre- 
sponding statements about isomorphisms of Ci -spaces and 1 -dimensional Fourier 
transforms between them. The last statements follow from the definition and proper- 
ties of 1 -dimensional Fourier transform, or can be again reduced to -dimensional 
case by formulas (|10p -(|15p using remark [6j The corresponding statement in the 0- 
dimensional case looks as following. For any finite-dimensional vector space W over 
the field Fg , for any / e ^{W) , for any u € W* , for any g G Autip^^ (1^) we have: 



5.6 Direct and inverse images 

In this section we construct direct and inverse images of spaces of functions and 
distributions on C2 -spaces. 

5.6.1 

Let 

^ ^1 A ^2 ^ ^3 ^ 

be an admissible triple of C2 -spaces over a finite field Fg , where Ei = {Ii,Fi,Vi) , 
1 < i < 3 . By definition, there are order-preserving functions: 

(i) J : I2 ^ h such that (3{F2{i)) = F3{j{i)) for any i G I2, 

(ii) e : I2 — > h such that F2{i) fl = Fi{e{i)) for any i ^ 

Proposition 26 We suppose that Ei is a CC2 -space. Let o ^ I2 ■ Then there is 
the direct image 

/?. : P^,(o)(^2)®c/i(Fi(e(o)) I 14) ^ I5f3(7{o))(S3). 

Proof . For any i,j & I2 we have canonically 

Km) I F2{j)) = KFMi)) I FiieiM ®c /i(i^3(7») I F^ijij))). (129) 
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Let k £ I2 such that Fi(e(A;)) = Vi . Let i > j € I2 be any such that i > k > j . 
Then we have an admissible triple of Ci -spaces: 

Vi/Fi{e{j)) F2{r)/F2{j) ^ i^3(7W)/i^3(7(i)) ^ 0. 

We have a well-defined map: 

(A,-)* : V{F2{i)/F2{j))0cKFi{e{j))\Vi) V{F3{^{i))/F3{^{j))), 

where we use that /i(Fi(e(j)) [ Vi) = ^(Vi/Fi(e(j))) . 
Therefore we have a well-defined map 

(A,)*®Mi^3(7(j)) ii^3(7(o))) : 
ViF2{i)/F2{j))^cf^iFi{e{j)) I Vi)®cM(i^3(7(j)) I ^^3(7(0))) ^ 

^ P(F3(7(i)) I F3(7(i))) ®c /i(i^3(7(i)) I i^3(7(o))). 

From (jl29p we have that 

^(F3(7(j)) i ^3(7(0)) = /.(F2(j) I F2{o)) ®c f^iFiieio)) \ Fi(e(j))). 
Therefore 

M(Fi(e(i)) I ®c /^(i^3(7(i)) I i"3(7(o))) = /^(F2(j) I F2{o)) 0c I Vi). 

Thus we have a well-defined map 

(A,)*®Mi^3(7(j)) ii^3(7(o))) : 
P(F2(i)/F2(i)) ®c ^(i^2(j) I i^2(o)) 0c KFi{e{o)) \ Vi) 

P(F3(7(i))/F3(7(j))) 0cA^(F3(7(j)) I i^3(7(o))). 

Now we take the projective limits which are used to construct spaces ^^^(o) (-^^2) 
and 1)^3 (^(o)) (£'3) . Then we obtain a well-defined map . 

Remark 16 Dually to the maps above, we obtain a well-defined map 

r : ^?k{7(o))(^3)®cMi^3(e(o)) 1^1) ^ I5^,(o)(i5^2) 

such that the maps /3* and f3* are conjugate maps with respect to the pairings 
< T >Vp,^^,-f{E2) and < •,• >©^g(^,„))(£;3) • 

5.6.2 

Let 

^ £1 A £2 ^ ^3 ^ 

be an admissible triple of C2 -spaces over a finite field Fg , where Ei = {li, Fi,Vi) , 
1 < i < 3 . By definition, there are order-preserving functions: 

(i) 7 : /2 ^ ^3 such that (3{F2{i)) = F3{j{i)) for any i G h, 
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(ii) e : I2 — > h such that F2{i) nVi = Fi{e{i)) for any i G l2- 

Proposition 27 We suppose that is a dC2 -space. Let o G I2 ■ Then there is 
the inverse image 

a* : Vp^^,){E2)®cKF3hio))\{0}) ^ Vf^^,^,)){Ei), 

where {0} is the zero suhspace of V3 . 

Proof . For any i,j € /2 we have canonically 

/x(F2« I F2{j)) = KFMi)) I Fi(e(i))) <S)c K^silii)) \ FM))). (130) 

Since (3 is an admissible epimorphism and E3 is a dC2 -space, there is k G I2 
such that F^^jlk)) = {0} . Let i > j € I2 be any such that i > k > j . Then we 
have an admissible triple of Ci -spaces: 

Fi(e(i))/Fi(e(j)) 3 F2{i)/F2{j) F^{j{i)) 0. (131) 
We have a well-defined map 

a*^ : V{F2{i)/F2{j)) P(Fi(e(i))/Fi(e(j))). 
Therefore we have a well-defined map 

a*^®fi{Fi{e{j))\Fi{e{o))) : 
V{F2{i)/F2{j)) (^cKFMj)) I Fi{e{o))) 

V{F,ie{i)) I Fiiem ®c KFi{eij)) \ F,{e{o))). 
From (I130p and (I13ip we have that 

fi{F2io) I F2{j)) = KFi{e{o)) I Fi(e(j))) ®c ^(^^3(7(0)) | {0}). 

Hence 

^(Fi(e(j)) 1 Fi(e(o))) = ^(F2(j) | ^2(0)) 0c M(i^3(7(o)) I W). 
Thus we have a well-defined map 

a:,®Mi^i(e(j)) |Fi(e(o))) : 

P(F2(i)/i^2(i))®C^(i^2(j)/^2(o))0C^(F3(7(o)) I W) ^ 

^ I?(Fi(e(i)) I Fi(e(i))) ®c /i(i^i(£(i)) I F,{e{o))). 

Now we take the projective limits (with respect to i > k > j ) which we used to 
construct spaces 'Dp^(o)iF2) and P^^j (£(„)) (£^1) . Then we obtain a well-defined map 
a* . 

Remark 17 Dually to the maps above, we obtain a well-defined map 

«* : P^^(,(„))(i?i)®cM^3(7(o)) I {0}) ^ 25^,(o)(ii^2) 

such that the maps a* and a* are conjugate maps with respect to the pairings 
< ■'■ >Vp^^o)iE2) and < •,• >o^^ (£1) • 
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5.6.3 

Let 



^ ^1 A ^2 ^ ^3 ^ 



be an admissible triple of C2 -spaces over a finite field Fg , where Ei = {li, Fi,Vi) , 
1 < i < 3 . By definition, there are order-preserving functions: 

(i) 7 : /2 ^ ^3 such that (3{F2{i)) = F3{j{i)) for any i G h, 

(ii) e : I2 — > h such that F2(i) riVi = Fi{e{i)) for any i £ 

Proposition 28 We suppose that Ei is a C/C2 -space. Let o £ I2 ■ Then there is 
the inverse image 

13* : Pp'3(^(o))(S3) — > P^2(o)(£'2). 
Proof . For any i,j € /2 we have canonically 

^^{F2{i) I F2{j)) = /u(Fi(e(i)) | F^j))) 0c KFMi)) \ F^ijij))). (132) 

Since Ei is a C/C2 -space, for any i > j £ I2 we have a canonical element 
lij e ^(Fi(e(i))/Fi(e(i))) such that lij{6F^(e{i))\Fi(e(j))) = 1- 

Therefore we have a canonical element Ij^ E | Fi(e(j))) for any 

^jj £ -^2 such that lij (8) Ijfc = lik for any j, A; G I2 ■ Thus, we have canonically 
that iJ,{Fi{e{i)) \ Fi{e{j))) = C for any i,j G I2 . (See also remark [T2]) . 

Thus from formula ()132p we have for any i,j G /2 

/^(i^2(i) I F2ij)) = M(F3(7(i)) I F3(7(i)))- (133) 
For any i> j £ I2 we have an admissible triple of Ci -spaces: 
Fi(£(i)) ^ ft. i^3(7(i)) . . 

Fi(e(i)) F2{j) EM)) 
We have a well-defined map: 

: P(F3(7(i))/F3(7(i))) ^ P(F2(i)/F2(i)). 
From formula (jl33p we have that 

/u(F2(i) I F2{o)) = fimiU)) I ^^3(7(0))). 
Therefore we have a map: 

/3*.®Mi^2(i) 1^2(0)) : 
P(F3(7(i))/F3(7(j)))0c/^(i^3(7(j)) I ^^3(7(0))) 

V{F2ii)/F2{j))^cKF2ij) I i^2(o)). 
These maps (for various i > j & I2) are compatible when we take the projective 
limits according to formulas which define I?p'3(^(o)) (i?3) and P^2(o)(-E^2) • Therefore 
we obtain the map f3* . 

Remark 18 Dually to the maps, which we considered above, we have a well-defined 
map 

■ '^'f2{o){F2) 1)^3(^(0)) (S3) 

such that the maps /3* and P^, are conjugate maps with respect to the pairings 
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5.6.4 

Let 



^ ^1 A ^2 ^ ^3 ^ 



be an admissible triple of C2 -spaces over a finite field Fg , where Ei = {Ii,Fi,Vi) , 
1 < i < 3 . By definition, there are order-preserving functions: 

(i) j: I2 ^ h such that /3(F2(i)) = F^i-fii)) for any i G I2, 

(ii) e : I2 — > h such that F2{i) fl Vi = Fi{e{i)) for any i e l2- 

Proposition 29 We suppose that E^ is a dfC2 space. Let o I2 ■ Then there is 
the direct image 

"* : '^Fi{e{o)){El) — ^F2(o)(-E'2)- 

Proof . For any i,j € /2 we have canonically 

/x(F2« ! F2ij)) = I ®c K^sili^) I FM)))- (134) 

Since is a dfC2 -space, for any i > j I2 we have a canonical element 
6ij S /x(F3(7(f))/F3(7(j))) such that = 1. Therefore we have a canoni- 

cal element 6ij € fi{Fs{'y{i)) \ F2{'y(j))) for any i,j € I2 such that 5ij 5jk = Sik 
for any i,j,k € I2 ■ Therefore we have canonically ^(F3(7(i)) | -F3(7(i))) = C for 
any i,j G /2 • (See also remark [12]). 

Thus from formula (jl34p we have for any i,j € /2 

A^(i^2(i) I F2{j)) = /x(Fi(e(.)) I (135) 

For any i> j ^ I2 we have an admissible triple of Ci -spaces: 

Fi(e(i)) ^ i^3(7(^)) ^ . 
Fi(e(i)) F2(i) F3(7(i)) 

We have a well-defined map: 

(a,,)* : P(Fi(e(i))/Fi(e(j))) ^ P(F2(i)/F2(i)), 

because ^3(!^(j)j is a discrete Ci -space. 
From formula (I135p we have that 

/^(i^2(i) I i^2(o)) = /u(Fi(e(j)) I Fi(e(o))). 

Therefore we have a map: 

).0ls{F2ij)\F2{o)) : 

P(Fi(e«)/Fi(e(i)))^c^(Fi(£(i)) |Fi(e(o))) ^ 

^ P(F2(i)/F2(j)) ^c/i(F2(i) I ^2(0)). 

These maps (for various i > j & I2) are compatible when we take the projec- 
tive limits according to the formulas which define Z?p'^(£(o))(£Ji) and P^2(o)(-E'2) • 
Therefore we obtain the map . 
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Remark 19 Dually to the maps, which we considered above, we have a well-defined 
map 

such that the maps a* and a* are conjugate maps with respect to the pairings 
< ■'■ >i?F2w(S2) and < •,• >i?^^ (El) • 



5.7 Composition of maps and base change rules. 



In this section we consider base change rules (subsection I5.7.ip and rules of compo- 
sition of maps (subsection I5.7.2|) . 



5.7.1 

Let 







a /3 
El > E2 > 







be an admissible triple of C2 -spaces over the field Fg , where Ei = {Ii,Fi,Vi] 
l<i<3. 
Let 



be an admissible triple of C2 -spaces over the field ¥g , where D = {R, S, Y) 
B = (T, [/, W) . Then we have the following commutative diagram of C2 -spaces. 



-> El 



E^ 



E2 



E3 







(136) 



B 



B 
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Let X' = E2 X D = {N,Q,X) as C2 -space. In this diagram two horizontal 

triples and two vertical triples are admissible triples of C2 -spaces. 

We choose any i < j € I2 ■ Then diagram ()136p induces the following commuta- 
tive diagram of Ci -spaces (see the construction of fibered product from lemma [5|). 



F2(i) n^i (7a).. ^ F2{j)nx (7/3)..^ p{F2{j))nY 



F2{i)nv, 



F2{{)nx 



(3{F2{i))nY 







F2{i)nVi ' F2{i} ' /9(i^2«) 







Sf3{F2ij)) 

mF2{i)) 



SPiF2i3)) 
mF2ii)) 











(137) 

Here two horizontal triples and two vertical triples are admissible triples of Ci - 
spaces. At the same time, 

F2{j) n X _ F2{j) ^ p{F2{j))nY 

X 



F2{i) n X F2{i) P{F2{i)) n Y 

/3(f2(0) 



as Ci -spaces. 



Proposition 30 . Using notations of diagram il36\) . let Ei he a CC2 -space, B 
he a dC2 -space. Let e h , € ^^(^2(0) nVi\Vi) , u e fi{6P{F2{o)) \ {0}) . Then 
the following formulas are satisfied. 



1. For any f G Vf^{o){E2) 

i*{p*{f /u) z/) = (7/3)* (/?;(/ ® /i). 



(138) 



2. For any G G V' 



/3(F2(o))ny 



(3*{l*{G (g)iy)(g>fi) = (/?^),(7^(G (g,fi)(g>u). 



(139) 
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Remark 20 . The formulation of this proposition is well-defined (with respect to 
definitions of direct and inverse images), since a = /J-,, o , = 6 o f] . 

Proof of proposition [30l We prove at first formula (jl38p . Let jo G I2 be such that 
-^2 (jo) n Vi = Vi . (Such a jo it is possible to choose, since Ei is a CC2 -space.) 
Let io € I2 be such that (36{F2{io)) = {0} . (Such an zq it is possible to choose, 
since i? is a (iC2 -space.) We consider arbitrary j > i G I2 such that j > jo, 
i < io ■ Then the base change formula on Ci -spaces is satisfied for the maps Pji , 
Iji ) ; {P'y)ji from cartesian square of diagram (I137p (see formula ()60p from 

proposition llSp . We multiply this formula by corresponding measure spaces, and 
then we take the projective limit with respect to all such j > i (z I2 {j>jo, 
i < io)- Using the constructions of maps and 7* from propositions 1261 and 1271 
we obtain the base change formula (jl38p . 

Formula (I139P is a dual formula to formula (I138p . and it can be obtained by 
analogous reasonings as in the proof of formula (jl38p . but one has to take the 
inductive limit with respect to j, i G I2 , and one has to use formula (f6T]l instead of 
formula (j60p . 

Proposition 31 . Using notations of diagram U36\) . let Ei be a C/C2 -space, B 
he a dfC2 -space. Let o G I2 ■ Then the following formulas are satisfied. 

1. For any f G V pi^F2(o))nY {D) 

P*l*{f) = {l3^)*7m- (140) 

2. For any G e V'p^^^^{E2) 

7*/3*(G') = (7;3)*/3;(G). (141) 

Proof . We prove formula (11401) . We consider arbitrary j > i I2 ■ Then the base 
change formula on Ci -spaces is satisfied for the maps (3ji , 7jj , (7/3)jj , iP'y)ji from 
cartesian square of diagram (1137P (see formula (|68l) from proposition [TSjl . We take 
the projective limit with respect to such j > i (z I2 ■ Using the constructions of maps 
f3* and 7* from propositions [28] and \29\ we obtain the base change formula (1140p . 

Formula (I14ip can be obtained by analogous reasonings, but one has to take the 
inductive limit with respect to i,jGl2, and one has to use formula ([69]) instead of 
formula (f68l) . 

Proposition 32 . Using notations of diagram Iil36\) . let Ei be a CC2 -space, B 
be a dfC2 -space. Let a £ L2 , /U G ^(^2(0) n Vi \ Vi) . Then the following formulas 
are satisfied. 

1. For any f G VF^i^o)nx{X') , /i G ^i{Ei) 

mi^Mf) ®l^) = 7*(7/3)*(/ ® ^)- (142) 

2. For any G G V'^^p^^^^^^{E^) , ^ G ^(^1) 

7^(7*(G')®M) = /?;r(G'0^). (143) 
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Proof is analogous to the proof of proposition [30] and [SH and it is reduced to corre- 
sponding formula ()66p for Ci -spaces (to prove formula ()142p ) and to corresponding 
formula ([67|) for Ci -spaces (to prove formula (|143p ). 

Proposition 33 . Using notations of diagram U36\) . let Ei he a C/C2 -space, B 
he a dC2 -space. Let 06/2, € ^{6(3{F2{o)) \ {0}) . Then the following formulas 
are satisfied. 

1. For any f G ^^(^^(o)) (^3) 

7a7*(/®^)=/5;(r(/)®^)- (144) 

2. For any G e V'^^^^^^^iX') 

/3*(/3^)*(G 1/)= 7*((7/3)*(G) u). (145) 

Proof is analogous to the proof of proposition [30] and [3T1 and it is reduced to corre- 
sponding formula (|64p for Ci -spaces (to prove formula (jl44p ) and to corresponding 
formula ([65]) for Ci -spaces (to prove formula (|145p ). 

5.7.2 

We consider again diagram (1136p . If Ei and D are CC2 -spaces, then E2 x D is a 
CC2 -space. Indeed, it follows from the admissible triple of C2 -spaces: 

^ El ^ E2 X D ^ D ^ 0. (146) 
E3 

Let o € /2 • Then from (I146P we obtain the canonical isomorphism 

/i(F2(o) nX\X)= /i(F2(o) n Vi ! Vi) ®c MMo)) nY\Y). (147) 

(The subspaces, which appear in formula (|147p . are elements of the filtration of 
corresponding C2 -spaces. Therefore the spaces of virtual measures are well-defined, 
see section 15.21 ) 

We have from diagram (jl36p the following admissible triple of C2 -spaces: 

I3-, 5/3 

E2 X D E2 B 0. 

E3 

Proposition 34 . Using notations of diagram 11136]) . let Ei and D be CC2 -spaces. 
Let o e I2, H e KF^io) n Vi I Vi) , 1^ € ^(/3(F2(o)) nY \Y) . Then the following 
formulas are satisfied. 

1. For any f G 'Df^{o){E2) 

{SP)*{f (^ ® i^)) = (/?*(/ O ^) z/). (148) 

2. For any G e P^^(^^(„))(i?) 

{5py{G (g) (/i 1^)) = l3*i5*{G ^u)® n). (149) 
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Remark 21 . Due to pl7|) we have that ^ ^^^2(0) Ci X \ X) . 

Proof of proposition [341 Let jo £ I2 be such that F2{jo) fl Vi = Vi and 
f3{F2{jo)) n y = y . We consider arbitrary j > i ^ I2 such that j > jo . Then for- 
mula (l43]) from proposition [16] is satisfied for the maps , 5ji and (/36)jj = 6ji(3ji 
(see diagram (jl37p ). We multiply this formula by corresponding measure spaces, 
and then we take the limit with respect to j > i I2 (j > jo)- Using explicit 
construction of direct image from proposition 1261 we obtain formula (jl48p . 

Formula (I149[) can be obtained by analogous reasonings, but one has to use 
formula ()44p from proposition [TBI 

Using notations of diagram ()136p . we suppose that Ei and D are C/C2 -spaces. 

Then from admissible triple of C2 -spaces (|146p it follows that E2 x D is also a 

Ea 

c/C'2 -space. 

Proposition 35 . Using notations of diagram U36\) . let Ei and D he C/C2 - 
spaces. Let o £ I2 ■ Then the following formulas are satisfied. 

1. For any f G Vs(3(^f2(o)){B) 

m*if) = p*s*if)- (150) 

2. For any G G ^^^(^^(Ea) 

m*{G)=6MG). (151) 

Proof . We consider arbitrary j > i & I2 ■ Then formula ()47p from proposition [16] 
is satisfied for the maps f3ji , 5ji and = ^jiPji (see diagram (1137P ). We 

multiply this formula by corresponding measure spaces, and then we take the limit 
with respect to j > i (z I2 ■ Using explicit construction of inverse image from 
proposition [28l we obtain formula (I150p . 

Formula (jl5ip can be obtained by analogous reasonings, but one has to use 
formula ()48p from proposition [161 

A little bit rewriting (and redenoting) diagram ()136p . we obtain the following 
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commutative diagram of C2 -spaces over the field Fg 



El 



H' 



L' 







a P 
> E2 > -E3 



E3UH' 



E2 



0' 



L' 







-> 







(152) 



In this diagram two horizontal and two vertical triples are admissible triples of 
C2 -spaces. 

Let Ei = {Ii,Fi,Vi) {1 < i < 3), H' = {J',T',W') as C2 -spaces. From 
admissible triple of C2 -spaces 







E3 



E3UH' 

E2 



L' 







(153) 



we obtain that if £"3 and L' are dC2 -spaces, then E3 11 H' is also a dC2 -space. 

E2 

Let o J' be any, then from (|153p we canonically have 

^.{a'p{T'{o)) I {0}) = MT'io) n V2) I {0}) mT'io)) \ {0}). (154) 



(The subspaces, which appear in formula (|154[) . are elements of the filtration of 
corresponding C2 -spaces. Therefore the spaces of virtual measures are well-defined, 
see section 15.21 ) 

From diagram (jl52p we have an admissible triple 







El 



H' 



E3 n H' 

E2 



0. 



Proposition 36 . Using notations of diagram ^5^) . let E3 and L' be dC2 -spaces. 
Let oe J' , IJ£ ij{(3{T'{o) n V2) I {0}) , u € ii[e{T'{o)) \ {0}) . Then the following 
formulas are satisfied. 
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1. For any f ^Vt>(o){H') 



{a'afif (g) (g) v)) = a*{{a'Y{f v) ® fi). (155) 

2. For any G G V'^, ^^^^y^{E^) 

{aa)^{G «) (/i z^)) = (a')*(a*(G (156) 

Remark 22 . Due to (fT5i]) we have that fi<S)u e fi{a'^{T' (o)) \ {0}) . 

Proof of proposition. Formula (jl55p can be reduced to formula (j52p from propo- 
sition [T7] after the taking the projective limit with respect to j > « € J' , where 
i <io, and io is chosen such that 0(T'{io)) = {0} and (3{T'{io) n ^2) = {0} . At 
that we use the explicit construction of inverse image from proposition [271 (Compare 
with the proof of proposition [351) 

Formula (|156p can be proved analogously, but one has to use formula ([53l) from 
proposition [T71 and take the inductive limit. 

Using notations of diagram (I152p we suppose that and L' are dfC2 -spaces. 

Then from admissible triple of C2 -spaces (|153p it follows that £^3 11 H' is also a 

E2 

dfC2 -space. 

Proposition 37 . Using notations of diagram U52\) . let E3 and L' are dfC2 - 
spaces. Let G J' . Then the following formulas are satisfied. 

1. For any f G V^i i^o)nv^{Ei) 

(a'aUf) = {a'),a4f). (157) 

2. For any G G V'^,^^^{H') 

{a'a)*{G)=a*{{a'y{G). (158) 

Proof of formula ()157p can be reduced to formula (I56|) of proposition [TTl after the 
choice of J > i G J' and taking the projective limit with respect to this j > i G J' . 
At that we use the explicit construction of direct image from proposition [29l 

The proof of formula (|158p is analogous, but one has to take the inductice limit 
with respect to j > i (z J' and use formula (I57p instead of formula (|56p . 



5.8 Fourier transform and direct and inverse images 

^ El ^ E2 ^ E3 

be an admissible triple of C2 -spaces over a finite field Fg , where Ei = {li, Fi,Vi) , 
1 < I < 3 . We suppose that Ei (l<i<3)isa complete G2 -space. Then Ei = Ei , 
l<i<3. 

By definition, there are order-preserving functions: 
(i) J : I2 ^ h such that (3{F2{i)) = F3{j{i)) for any i G h; 
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(ii) e : I2 — > h such that F2{i) nVi = Fi{e{i)) for any i G l2- 
We consider the following admissible triple: 

^ E3 E2 ^ El ^ 0. 

We have Ei = {if , F^ ,Vi) , 1 < i < 3 . We recall that the partially ordered set if 
(l<i<3)is equal to Ii as a set, but has inverse partial order comparing with /j 
( 1 < i < 3 ). We have that for any i,j £ I2 : 



For any i,j £ I2 we have from formula (|103p that 

/.(Fi I = KFf{e{i)) \ Ff{em 

/.(F3(7(i)) I F3(7(j))) = M(i^3°(7») I F^ilU)))- 

We have the following statements. 

Proposition 38 Let o I2 ■ The following diagrams are commutative. 
1. If El is a CC2 -space. Then 



2^F2(o)(^2)®C/u(i^i(e(o)) I ^1) 



/3. 



F(8)/i(Fi(e(o))|Vi) 



2^F0(o)(^2)®cMi^l°(e(o))|{0}) 



2^^3(7(0)) (^3) 



^F0(7(o))(^3). 



2. If E3 is a dC2 -space. Then 

VF^i^,-){E2)®cfi{FMo))\{Q}) Vf^^,^o)){Ei) 



F$5m(F3(7{o))|{0}) 



^?F0(o)(^2)^cM^3 (7(0)) 11/3) 



(")* 



3. If El is a CC2 -space. Then 



^k(7(o))(^3)®cMFl(e(o)) iFl) 



/3* 



^FO(£(o))(-^i)- 



F®/i(Fi(e(o))|yi) 



^F0(7(o))(^3)^cMi^?(^(o))l{0}) 



^F0(o)(^2) 



(159) 



(160) 
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4- If is a dC2 -space. Then 

^k(e(o))(^l)®C/^(i^3(7(o))|{0}) ^k(o)(^2) 



F®;i(F3(7(o))|{0}) 



5. If E\ is a C/C2 -space. Then 



^^3(7(0)) (^3) > 2^F2(o)(-^2) 



^F30(7(o))(-^3) > ^F0(o)(-^2)- 



^. //" is a dfC2 -space. Then 



(a)* 

^FO(£(o))(^i) ^ ^F0(o)(-^2)- 



7. //" -El is a C/C2 -space. Then 



^k(o)(^2) — ^ Pp3(^(„))(£;3) 



^F0(o)(^2) ^ P^o(^(o))(^3)- 

// E'a is a dfC2 -space. Then 

Pk(o)(^2) ^k{e(o))(^l) 



^F0(o)(^2) X'^o(^(o))(^l). 
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Proof follows from formulas (jl59p and (jl60p , constructions of two-dimensional di- 
rect and inverse images from section 15. 6| two-dimensional Fourier transform, and 
corresponding properties of direct and inverse images and of Fourier transform on 
Ci -spaces from section 14.81 



5.9 Two-dimensional Poisson formulas 

In this section we obtain two-dimensional Poisson formulas: the Poisson formula I 
(subsection 15.9. ip and the Poisson formula II (subsection I5.9.2p . 

5.9.1 

Let 

^ ^1 A ^2 — ^ ^3 ^ 

be an admissible triple of complete C2 -spaces over a finite field ¥q , where 
Ei = (li, Fi, Vi) , 1 < i < 3 . By definition, there are order-preserving functions: 

(i) 7 : /2 — > /s such that (3{F2{i)) = F^{-f{i)) for any i G h] 

(ii) £ : h — > h such that F2{i) r\Vi = Fi{£{i)) for any i e h- 

Let o € /2 . If we suppose that Ei is a CC2 -space, then from any 
H € fi{Fi{e{o)) I Vi) we canonically construct 1^ G V'p^^^^^-^^^Ei) in the following 
way. By definition, we have 

^k(e(o))(^i) = lim V'{Vi/F,{k)) 0c KFiieio)) \ k). (161) 

By definition, /i(Fi(e(o)) | Vi) C V'{Vi/Fi{e{o))) . Therefore fi € P'(Fi/Fi(e(o))) . 
In formula (jl6ip we take k = e(o) . Then //(Fi(e(o)) | A;) = C and we put 
1 G /u(Fi(e(o)) I e(o)) . Therefore /i gives 1^ G V'p^^^^^^-^{Ei) by formula (flHT]) . 

Let o G /2 • If we suppose that £"3 is a dC2 -space, then from any 
u G ;u(F3(7(o)) I {0}) we canonically construct 61, G P^^j^^^^^^ (-E3) in the following 
way. By definition, we have 

^k(7{o))(^3) = lim V'iF^ik)) ®c KFshio)) I {0}). (162) 
fce/2 

In formula (1162p we take k = 7(0) . Then we put 60 G ^'(£3(7(0))) , where 
W) = /(O) , / G V{Fs{-f{o))) . We put u G ^(^3(7(0)) | {0}) in formula ([162]). 
Thus we have constructed 5^ G 2?^^^^^^^^^ (-E3) . 
We note that 

F{1^) = 6^ and F(5^) = 1^ (163) 

under the maps 

F : ^k(.(o))(^i) ^ ^FO(.(o))(^i) aiid 
F ■ ^k(7(o))(^3) ^ P^0(^(o))(^3)- 
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(We used that 

niFMo)) I ^i) = KF?{e{o)) I {0}) and ^(^3(7(0)) [ {0}) = KF^{^{o)) \ 

Now we suppose that simultaneously Ei is a CC2 -space and is a dC2 - 
space. Let o e h ■ Then by any fi G fi{Fi{£{o)) \ Vi) , u G //(F3(7(o)) | {0}) it is 
well-defined the characteristic function 

Seu^'^ = a,(l^ z.) G 2^^,(„)(^2). (164) 
We have the following statement. 
Lemma 6 

Proof follows from constructions and corresponding statements for the following 
admissible triple of Ci -spaces: 

^ V^/F,{e{k2)) ^ ^3(7(^^1)) ^ 0, 

where h > o > k2 e h and Fi{e{ki)) = Vi , ^3(7(^2)) = {0} . 

Now we have the following first two-dimensional Poisson formula. 

Theorem 2 (Poisson formula I) . Let Ei be a CC2 -space, Let E3 be a dC2 - 
space. Let o G I2 ■ Then for any fj, G /x(Fi(e(o)) | Vi) , v G ii{F-i{^(o)) \ {0}) we 
have 

F((^£;i,^®i,) = ^Ez^v^ii- 

Proof follows from lemma [6l from formulas (I163p . and from proposition 1381 about 
connection of direct and inverse images with two-dimensional Fourier transform. 
The theorem is proved. 



Remark 23 Let E = (I, F, V) be a C2 -space over a field k . We construct a 
C2 -space E , which dominates a C2 -space E . We define E = (I, F, V) , but for 
every i < j (z I the Ci -space Eij is the maximal Ci -space which dominates 
the Ci -space Eij , where Eij and Eij are Ci -spaces with underlying k -vector 
space F{j)/F{i) . (To construct for a Ci -space {K, G, W) its maximal dominating 
Ci -space (K' ,G' ,W) we denote by Gr{W) the set of A; -vector subspaces U C 
W such that there are k < I ^ K with the property G{k) C U C G{1) . It is 
clear that Gr{W) is a partially ordered set which is ordered by embeddings of fc- 
subspaces. Then we put K' = Gr{W) , and the function G' is an embedding of the 
corresponding /c -subspace to W .) 
If 

^ El ^ E2 ^ E3 ^ 
is an admissible triple of C2 -spaces, then 

O^^^E^^E^^O 

is also an admissible triple of C2 -spaces. 
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We consider any admissible triple of C2 -spaces over a finite field Fg 

^ ^1 A ^2 ^ ^3 ^ 0, 

where Ei = {Ii,Fi,Vi) , 1 < i < 3, and Ei is a CC2 -space, E3 is a -space. 
Let g G Autc2(-E'2) such that for any i £ I2 there is j G I2 with the property 
(i) = F2{j) . Then we have the following admissible triple of C2 -spaces 

g(a) g(/3) 

gEi A gE2 -4 gE^ 0, (165) 

where the C2 -space Ei dominates the C2 -space Ei ( 1 < i < 3 ) (see remark [23]) , 
9E2 = E2 , gEs = E2/gEi . 

From (I170p we have canonically 

/i(F2(o) I gF2{o)) = fiiF2{o)ngVi \ gFiie{o))) ^l{g{P)iF2{o)) \ gFaijio))). 
Then for any a £ /x(F2(0) | 5^2(0)) we consider a = h® where 

b G /i(F2(o) n gVi I gF^{e{o))), c G ^{g{(3){F2{o)) \ gFMo)))- 
Under conditions and notations of theorem [2] we have 

giji G ix{gFi{e{o)) \ gVi), gu G ^l{gFMo)) I {0}). 
We have g = {g,a) G Autc2{E2) p^:^^) ■ Then 

■^g{^Ei,iJ.®v) = ^gEx,{gii®h)®(gv®c) — ^gEi,giJ,®gv®a- 

Corollary 1 Let (g,a) G Autcj (-£'2)^2(0) •^^^c/i t/iai /or any i G I2 t/iere is j G I2 
with the property gF2{i) = F2{j) . Then we have 

^{^gEi,gn(^gum) = ^g-'^{E3),g-'^{u)^g-'^(ii)m- 

Proof follows from theorem [2] (Poisson formula I) and section I5.5.5[ 

5.9.2 

Let 

^ ^1 A ^2 ^ ^3 ^ 

be an admissible triple of complete C2 -spaces over a finite field ¥q , where 
Ei = (li, Fi, Vi) , 1 < i < 3 . By definition, there are order-preserving functions: 

(i) 7 : /2 — > ^3 such that (3{F2{i)) = F3{j{i)) for any i G h; 

(ii) e : I2 — > h such that F2{i) nVi = Fi{e{i)) for any i G h- 
If El is a C/C2 -space, then using remark [12] we have 

V{Ei)= lim V{Fi{i)/Fi{j)). 

i>j£ll 
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Fi{i)/Fi[j) is a compact Ci -space (for any i > j £ Ii). Therefore 
1 G 'D{Fi{i) / Fi{j)) . Taking the projective hmits, we obtain that in this case the 
fohowing element is well-defined 

1 G V{Ei). (166) 
If i?3 is a (i/C2 -space, then using remark [12] we have 
V{E^)= hm V{F^{i)/F^{j)). 

i>j€l3 

F^{i)/F^{j) is a discrete Ci -space (for any i > j € /a). Therefore 
(5o € I'(F3(z)/F3(j)) , where (5o(0) = 1. Taking the projective limits, we obtain 
in this well-defined element 



We note that 



under the maps 



5o G V{E^). (167) 

F(l) = ^0 and F(5o) = 1 (168) 

F : V{Ei) V{Ei) and 
F : V{E:i) V{Es). 



Now we suppose that simultaneously Ei is a C/C2 -space and S3 is a (i/C'2 - 
space. Let o £ I2 ■ Then an element 

6e,= a,{l)eVp^^,^{E2) (169) 

is well-defined. 

We have the following statement. 

Lemma 7 

Proof follows from constructions and corresponding statements for the following 
admissible triples of Ci -spaces (for any i > j £ I2) 

Fi{e{i)) FUil Fsi^ji)) 
Fi(e(i)) F2{j) F,{j{j)) 

where pll^^f)-^ is a compact Ci -space and is a discrete Ci -space. 

Now we have the following second two-dimensional Poisson formula. 

Theorem 3 (Poisson formula II) . Let Ei he a C/C2 -space, Let E^ he a dfC2 - 
space. Let £ I2 . Then 
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Proof follows from lemma [71 from formulas (jl68p . and from proposition 1381 about 
direct and inverse images and two-dimensional Fourier transform. The theorem is 
proved. 

We consider any admissible triple of C2 -spaces over a finite field ¥q 

^ ^1 A ^2 ^ ^3 ^ 0, 

where Ei = {Ii,Fi,Vi) , 1 < i < 3, and Ei is a C/C2 -space, E3 is a d/C2 -space. 
Let g G Autc2(-E'2) such that for any i £ I2 there is j E I2 with the property 
gF2{i) = F2{i) . Then we have the following admissible triple of C2 -spaces 

g(a) g(/3) 

gEi ^ gE2 -4 gE^ 0, (170) 

where the C2 -space Ei dominates the C2 -space Ei ( 1 < i < 3 ) (see remark [23]) , 
gE2 = E2 , gEs = E2/gEi . 

Corollary 2 Let g £ Autc2(-£'2) such that for any i & I2 there is j G I2 with the 
property gF2{i) = E2{j) . Then we have 

Proof follows from theorem [3] (Poisson formula II) and section I5.5.5[ 
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